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Introduction 



In the early 1970's was introduced a notion of homotopy- coherent diagram (Segal [B3|, 
Leitch |^| , Vogt |78| and Mather |5^|). This is a way of using cubical homotopies to deal 
at once with all of the higher homotopies of coherence involved in a diagram of spaces 
which "commutes up to homotopy". This notion was subsequently studied by Vogt Jft| 
|79fl and others (for example Hardie and Kamps [38] — see also the references therein), and 

§§§§§§ 0, §2]. 



especially by Cordier and Porter | 

In vl of the present paper, unaware of all of the references cited above, I looked at 
homotopy-coherent diagrams of spaces over a Grothendieck site X, calling them "flexible 
functors" or "flexible presheaves" . The present revision is designed to correct the problem 
of inadequate references; however, we retain the terminology "flexible functor" . 

One of the main results which one shows is that a homotopy-coherent diagram can be 
replaced by an equivalent strictly commutative diagram. This "rectification" was done by 
Segal in |64| at the same time as he introduced the notion of homotopy-coherent diagram. 
A similar theorem is that of Dwyer and Kan |[27|| . This is also discussed by Cordier and 
Porter [IT]. See §3 below for our version. (In fact, the whole story dates back to SGA 1 
where a fibered category is replaced by an equivalent split one.) 

As noticed early on by Vogt ffSj , the advantage of the homotopy-coherent point of view 
over that of strictly-commutative diagrams, is that it allows one to get a hold on the space 
of morphisms between two diagrams R and T, in an explicit way: a morphism from R to 
T is just a homotopy-coherent diagram (flexible presheaf ) on X x / which restricts to R 
and T on X x {0} and Afx{l}. These morphism spaces don't have a natural composition 
but are naturally organized into a "Segal category" , i.e. a simplicial space satisfying the 
condition that the Segal maps are equivalences (see H64| , [lj, f28|, JFU). A version of 
this observation occurs in Vogt f78]| , where the morphism sets are not topologized but 
where the resulting simplicial set satisfies the restricted Kan condition (0). Vogt proved 
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that the resulting category of morphisms up to homotopy, is equivalent to the homotopy 
category of diagrams obtained by inverting the level-wise homotopy equivalences [ff8| 
Cordier- Porter [ |T7|j . 



sec 



One of the main steps in Vogt's argument, also taken up by Cordier and Porter JT7 



was to show invertibility of level-wise weak equivalences as homotopy-coherent maps. 
Below, we show a refined version, that the space of homotopy-coherent diagrams indexed 
by the category / having two isomorphic objects 0, 1, is contractible. (It is not clear 
whether this contractibility was known to Vogt; in any case it is clearly not present in 
|17| .) Crucial to our treatment of the Segal condition for the morphism spaces, and this 
invertibility, is an obstruction theory first developed by Cooke |12| and Dwyer-Kan-Smith 
P%| . Our treatment of this obstruction theory is at the end of §1. The applications to 
morphisms are in §2. 

What seems (according my present state of knowledge of the literature, at least) to 
be the main new contribution of the present paper is a generalization of Vogt's theorem 
to the case of a site X with nontrivial Grothendieck topology. We show how to obtain 
the morphisms in Illusie's derived category j|3] (obtained from the category of simpli- 
cial presheaves on X by inverting the Illusie weak equivalences) as homotopy classes of 
homotopy-coherent morphisms. For this, it is natural to introduce the notion of flexible 
sheaf (§4). This is a diagram which satisfies an additional descent condition, analogous to 
the usual descent condition for sheaves of sets, or similarly analogous to the descent con- 
dition for 1-stacks. In §4 we treat this condition and start to define an operation T i— > HT 
related to the process of taking the associated sheaf. In particular, T is a flexible sheaf if 
and only if T — > HT is an (object-by-object) equivalence. After some further materiel in 
§5 and the start of §6 generalizing standard constructions for spaces (e.g. homotopy group 
sheaves, fiber products), we get to the construction of the flexible sheaf associated to an 
n-truncated flexible presheaf T, given as H n+2 T. This is the analogue of the classical 
construction of the sheaf associated to a presheaf of sets (the case n = 0), as obtained 
by applying a natural operation twice. In §7 we get to the statement of the analogue of 
Vogt's theorem: up to homotopy, morphisms from R to T in Illusie's derived category can 
be represented as homotopy-coherent morphisms from R to T under the condition that 
T be a flexible sheaf. 

Starting from §8 on, we treat some standard things from topology in this "relative" 
case. In §10 we draw the relationship between the objects we study here and classical 
1-stacks: this is the case where the values of the diagram T are of the form K(tt, 1). 
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In the original version (1993) there were several unfinished chapters at the end of 
the paper heading towards some applications of these ideas e.g. to nonabelian de Rham 
cohomology. These chapters were left out in the electronic preprint vl, because they were 
unfinished (and partly wrong). These things may now be found in ||66|1 , [|67| , |68| , |69| . 
and the reader in quest of motivation is refered there. 

Another recent preprint concerning these questions is ||]]] (joint with A. Hirschowitz). 
There we present a more modern approach based on closed model categories. The condi- 
tion which we call below "flexible sheaf" is the same as the condition of being a stack in 
Hfl . The generalization of Vogt's theorem in §7 below is essentially the same as the result 



of |4]J Lemme 9.2 stating that a simplicial presheaf is fibrant for the site X if and only if 
it is a stack (i.e. flexible sheaf in the terminology of the present paper), and fibrant for 
the category X with the coarse topology. 

In a similar vein, the version of invertibility of homotopy equivalences which we give 
below (cf [ff^l , Hl7| ) occurs in a somewhat different guise as Theorem 2.5.1 of [7l|. 



I apologize to all of the authors whose work was not correctly referred to in the first 
preprint version vl. I hope that the references in the present version are substantially 
correct and complete; but if anybody knows of other references or comments which need 
to be added, I would appreciate it if they could let me know. 
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1. Flexible functors 



We define what we call a "flexible functor". This is what is known in the literature 
as a "homotopy-coherent functor" . This fundamental notion is due (c. 1973) to G. Segal 
0, R. Leitch |52|, R. Vogt fT8| fT9f, M. Mather and has been extensively investigated 
by these authors, by J.-M. Cordier and T. Porter QQElllillilllltQIIl Hl^ 
Edwards and Hastings |29], W. Dwyer and D. Kan [27| [28| and others. The approaches 
of Segal and Leitch || [H, Vogt f78j, and Dwyer-Kan |4| were compared by Cordier in 

m 



14jj and shown to be the same. Our approach is the same as these. 



A continuous category C is a category enriched over the category Top of topological 
spaces [f)T|, i.e. a category in the category of topological spaces, where the space of 
objects is given the discrete topology. In other words, it consists of a set of objects, and 
for any two objects a space of morphisms C(X,Y), such that composition is given by a 
continuous map, and containing the identity. There is an obvious notion of continuous 
functor between two continuous categories, including the condition that the image of the 
identity is the identity. 

A continuous semi-category C is a semi-category (that is, an object like a category but 
without the existence of identity morphisms presupposed) in the category of topological 
spaces, again where the space of objects is a discrete set. In other words, it consists 
of a set of objects, and for any two objects a space of morphisms C(X,Y), such that 
composition is given by a continuous map. There is an obvious notion of continuous 
functor between two continuous semi-categories, or from a continuous semi-category to a 
continuous category. This is different from the notion of continuous functor between two 
continuous categories, in that the latter notion includes the condition of respecting the 
identities. 

We keep the natural structure of topological space inherited by the set of functors 
Hom(C,T>) between two continuous semi-categories. 

The category Top of topological spaces has a structure of continuous category: the 
mapping spaces are given the compact-open topology. 

The following definition underlies the Segal-Leitch-Vogt approach to homotopy coher- 
ent diagrams 



see also |53|. Suppose X is a category. We define a continuous 
semi-category MX to be the category whose objects are the objects of X, but where the set 
of morphisms from X to Y is replaced by a topological space of morphisms, M(X, Y) (de- 
noted MX(X, Y) if there is risk of confusion), defined as follows. The points of M(X, Y) 



4 



consist of pairs (0, t) where = (0i, . . . , (f) n ) is a composable sequence of morphisms in X 
with X = Y and X n = X, and i = (tx, . . . , t n _i) G [0, l] n_1 . The points are identified by 
an equivalence relation: if £, = then (0, t) ~ (0', t') where ti is removed to obtain t' and 
0i and 0j+i are composed to obtain 0'. The space is given the obvious topology which is 
the quotient of the usual topology on the disjoint union of the hypercubes, modulo the 
equivalence relation. Composition is defined by concatenating the sequences 0, and by 
concatenating the sequences t with a tj = 1 added in between. This gives an associative 
composition where the law M(X, Y) x M(Y, Z) is a continuous map. 

There is a distinguished object (l x ) in M(X, X), which does not act as the identity, 
however. If C is a continuous category, a flexible functor (or "homotopy coherent diagram" 

0010 0) 

T : X 

is a continuous functor (of semicategories) from MX to C such that T(lx) = 1t x - I* 1 
particular, for C = Top we obtain the notion of flexible functor T — > Top. In principle we 
may consider covariant or contravariant functors (note that M(X°) = (MX)°). For our 
purposes, we make the convention that we always speak of contravariant flexible functors 
and drop the word contravariant. We can also use the term flexible presheaf (of topological 
spaces) for a flexible functor T — > Top. 

We give a more explicit description (which follows directly from the definition of MX). 
See fl52f |}4|. A flexible functor T : X —* Top consists of the following data. For each 



object X £ X, & topological space Tx; and for each n-tuple of morphisms ((pi, . . . ,<p n ) 
with ifi : Xi —> Xi-x (for objects X , . . . , X n ), a morphism 

T(<p 1 ,...,<p n ):[0,l] n - 1 xT Xo ^T Xn 

denoted T((fx, . . . , (p n ] tx, ■ ■ ■ , t n -i) : T Xo — > T Xn , such that for each i — 1, . . . , n — 1, 

T((fx, . . . , f n ', tx, ■ ■ ■ , ti-x, 0, ti+x, ■ ■ ■ , t n -x) = 

, (PiPi+l) ■ ■ ■ , t-Pn'i tx, ■ ■ ■ , ti-x, ti+x, ■ ■ ■ , t n -l) 

and 

T(ipi, . . . , ip n ; tx, ■ ■ ■ , t^x, 1) t{+x, ■ ■ ■ , t n -x) = 

j+i, . . . , (p n ; ti+x, ■ ■ ■ , t n -i)T((px, ■ ■ ■ , ^Ph tx, ■ ■ ■ , ti^x)- 

Finally, T(1 X ) = 1t x - Note that for n — 1, T(0i) is simply a morphism from T Xo to 
T Xl , while for n — 2, T(0i,0 2 ;ti) is a homotopy between T(0i0 2 ) and T(0 2 )T(0i). For 
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n > 3 the data consists of homotopies between the homotopies, etc., fitting together in a 
natural way. 

We say that T is multi-identity normalized if T(lx, • • • , lx; t) = 1t x - (We will not 
use this notion very often.) For example, if A? is a category with one element, then a 
multi-identity normalized flexible functor to Top is the same as a topological space. 

There is a functor 5 : MX — > X obtained by forgetting the £'s and composing the 
composable sequences 0. It is continuous if the morphism sets of X are given the discrete 
topology. Furthermore, if / : X — > Y is a morphism in X then is a nonempty 

contractible set in M(X, Y) (the contraction sends all t% to zero by multiplying by A G 
[0, 1]). In fact, MX is universal for this property. 

Proposition 1.1 Suppose C is a continuous category (i.e. where the morphism sets are 
topological spaces), and suppose $ : C — > X is a continuous functor (where the morphism 
sets of X are given the discrete topology). Suppose that for each morphism f : X — > Y in 
X, the space is nonempty and contractible (resp. weakly contractible). Then the 

space of continuous functors F : MX — > C such that $>F = H is nonempty and contractible 
(resp. weakly contractible). 

Proof: Look at the ways of defining F, by induction on the dimension of primitive cells 
in MX (that is, the hypercubes that make up MX in the above definition). The space of 
ways of determining F on each primitive cell of MX (given the values already specified on 
the boundary) is contractible (resp. weakly contractible). The space of ways of determin- 
ing F can be seen as the inverse limit of maps where the fibers are (weakly) contractible, 
so it is (weakly) contractible. □ 



Functoriality 

If G : X — > y is a functor, and T : y — > C is a flexible functor, then we obtain naturally 
a flexible functor G*T : X -»• C. This satisfies the strict associativity H*G*T = (GH)*T. 
In fact there is a natural continuous functor MG : MX —>■ My, and G*T = T o MG. 

Postnikov tower for continuous categories 

The notion of continuous category is an example of a more general notion of enriched 
category see Kelly ETJ. If Z is a category admitting products and an initial object, we can 
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define the notion of ^-category C: here the "set of morphisms" C(A, B) is an object of 
Z, and the composition law is a morphism in Z] associativity is given by equality of two 
morphisms in Z and the identities are morphisms from the initial object to the morphism 
objects A continuous category is just a Top-category 



Lemma 1.2 Suppose F : Z — > Z' is a functor compatible with products. Then we obtain 
a functor C i— > FC from the category of Z-categories to the category of Z' -categories. If 
F and F' are two such functors and rj : F —>■ F' is a natural transformation compatible 
with products, then rj induces a natural transformation r\ c : FC — > F'C (that is, r\ c is a 
Z' -functor from FC to F'C). 

Proof: Keep the same object sets. Put FC(A, B) := F(C(A, B)). From compatibility 
with products, applying F to the multiplication 

C(A,B) x C(B,C) ^C{A,C) 

gives a multiplication 

FC(A,B) x FC(B,C) -> FC{A,C). 
Given a natural transformation rj, put rjc(A) = A and define 

Ve,A,B ■= Vc(a,b) ■■ FC(A, B) -> F'C(A, B). 

Via the isomorphisms FC(A,B) x FC(B,C) = F(C(A,B) x C(B,C)) and the same for 
F', we have 

VC(A,B) X r] C (B,C) = VC(A,B)xC(B,C) 

(definition of compatibility of rj with products), and from the naturality of rj with respect 
to the morphism 

C(A,B) xC(B,C) ^C{A,C) 
we get a commutative diagram 

F(C(A,B) x C(B,C)) -> FC(A,C) 

i i 
F'(C(A,B)xC(B,C)) -> F'C(A,C), 

which when composed with the previous statement gives the commutative diagram 

FC(A, B) x FC(B, C) -> FC(A,C) 

i i 
F'C(A,B) x F'C(B,C) -> F'C(4,C) 
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needed to give rjc a structure of functor. □ 

Now we use the Postnikov decomposition in Top to get a Postnikov decomposition for 
a continuous category C. We need to make the Postnikov decomposition functorial and 
compatible with products; for this it is necessary to pass through the simplicial point of 
view. 

We will define a functor r<„ : Top — > Top which is compatible with products, and 
which induces the coskeleton on homotopy (that is, truncates homotopy groups 7Tj for 
i > n). This gives a functor C — ► r< n C from the category of spacial categories to itself. 
We will have natural transformations r< n — ► r< n _i and an auxiliary functor with 
natural transformations 

all compatible with products. The first is a weak equivalence and the second induces 
isomorphisms on homotopy groups 7T; for % < n. Furthermore, the composition 

is equal to the projection for n — 1. 

In order to define the r< n in a way compatible with products, we pass through the 
category of simplicial sets SplSet. Let Sing : Top — ► SplSet denote the singular complex 
functor; let i?e : SplSet — > Top denote the realization functor; and let cosfc n : SplSet — ► 
SplSet denote the nth simplicial coskeleton functor. Each of these functors is compatible 
with products. For Sing and cosk n this is clear (cf Artin-Mazur || for the coskeleton; it is 
adjoint to the skeleton, and the adjunction formula implies compatibility with products). 
For Re, this is the theorem about dividing a product of simplices into simplices. 

For Kan complexes, the simplicial coskeleton functor cosk n truncates homotopy groups 
7Tj for i > n. This is not true for complexes which are not Kan. However, applying Sing 
to a space automatically give a Kan complex. Put 

r< n := Re o cosk n+ i o Sing. 

This has the required effect on homotopy groups. We have a natural transformation 
cosk n+ i — > cosk n compatible with products and the initial object, which gives rise to a 
natural transformation r< n — > r< n _i- Put 

:= Re o Smg. 
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We have natural transformations S — > cosfcn+iS 1 , and hence 

Re o Sing(X) ->i?eo cosfc n+ i o Smg 

giving 

On the other hand, we have a natural transformation (weak equivalence) 

Re(Sing(X)) X, 

giving the weak equivalence r^X — > X. Finally, note (by the adjunction formula 0) that 
the projection S — > cosk n S is equal to the composition 

S — > cosfc n+ iS' — > cosk n S. 

This gives the same result for the r. 



Applying Lemma 1.2, we obtain a sequence of functors C \— > r< n oC from the category 



of topological categories to itself: 

Hom T , nOC (X,Y) := r< n Hom c (X,Y). 
We have natural transformations 

C <— ° C — >• r< n o C 

as well as 

r<„ o C —> r< n _! o C 
giving a commutative triangle with the morphisms 

Too ° C -> r< n o C and o C -> r< n _i o C. 

This collection of functors and natural transformations is the Postnikov tower for C 

Remark: What we obtain as r< n o C in the above discussion is equivalent to the 
truncation r< n+ iC of |75|] etc. (this is because here we are applying the truncation 



operation to the morphism spaces in what is already a 1-category enriched over Top). 
For example we obtain a Postnikov tower for Top itself. The stage T<ioTop = r< 2 (Top) 



occured in Gabriel- Zisman [32 
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Functors from free continuous categories 



The "obstruction theory" that follows (in the next several sections) is due to Cooke 
1 12] and Dwyer-Kan-Smith See also Schwanzl and Vogt |]55| , Baues and Wirsching 
@], Edwards and Hastings . 

We go to a general situation. Let M be a continuous category and suppose that T — > Q 
is a morphism of continuous categories. Suppose Go G Hom(J\f, Q). We can form the fiber 
square 

V -> ^ 
N ^ G 

where the horizontal map on the bottom is Go and where 

Ob{V) = Ob{N) x om Ob(F), 
and for two objects (X, A) and (X', A') in Ob(V) (mapping to Y and Y' in Ob{Q) we have 

P((X,A),(X',A')) :=AT(X,X') x",^^'). 
Here the path-space fiber product of / : R — > S and g : T — > S is defined by 
Rx^ th T:={(r,t^): r E R, t E T, 7 G Path s (f(r), g(t))}. 
Notation: We can denote this path-space fiber product spacial category by 

V=Nxg ath T. 



Lemma 1.3 In the above situation, the homotopy fiber of the map 

Hom(Af, T) -> Ham{M, Q) 

over Go is equal to the space of sections M — > V of the fibration V — > TV, where V = 
J\f Xg ath T is defined as above, compatibly with the map 

Sect(V/Af) -> Hom{M,F). 
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Proof: The homotopy fiber of Hom{Af,J r ) — > Hom(Af,G) is equal to the space of pairs 
(Fi,{G t }) where F% : Af — > T and G t is a continuous family of functors from Af to 
Q indexed by t G [0,1], with G\ the projection of F\ and Go as given. On the other 
hand, a section of V j Af associates to each X G Ob(Af) anAe Ob(J-") projecting to the 
same Y G Ob(Q), and to each r G Af(X,X') a triple (r, t, 7) such that £ G A') 
and 7 is a path of elements in Q(Y,Y') joining the images of r and t. The associations 
Xh>7 and r 1— > 7(f) provide a continuous family of functors G t (and vice- versa), while 
the associations X ^ A and r 1— ► £ provide a functor The family G 4 has Go the 
given functor and Gi the projection of F\. Thus, the homotopy fiber of Hom(Af,T) — > 
Hom(Af,Q) over Go is equal to SectifP /N). □ 

Suppose that the morphism T — > Q induces an isomorphism on the set of objects. 
Then V — > jV also induces an isomorphism on the set of objects, and we can denote 
objects of M and V by the same letter X (and their images in T or Q by Y). The 
map V(X,X') — > N{X,X') is a fibration whose fiber over r G J\f(X,X') is equal to the 
homotopy fiber of !F(Y, Y') -> ^(F, F') over Go (j™ ) • 

Definition: We say that a continuous category A/" is CW-free if it is an increasing union 
of subcategories A/i indexed by an ordinal J, such that putting A/i_i := Uj<j A/j we have 
that A/i is obtained from by attaching a cell «j C A/i(Xj,F) and taking the free 
category over A4-i an d a i- (Precisions ???) We can suppose that the whole boundary 
doti is contained in A/^-i (by treating one skeleton at a time, except for the stuff generated 
by smaller skeleta ...). 

This definition is basically the same as the corresponding notion for simplicially en- 
riched categories underlying the approach of Dwyer-Kan to homotopy coherence cf |24 
12 



Suppose M. — > X and Af — > X are functors to a discrete category X, inducing isomor- 
phisms on the set of objects, and suppose Af — » M. is a continuous functor compatible 
with the projection to X . Suppose that for each morphism <f in X the inverse image A4(<f) 
is weakly contractible. Suppose that Af is CW-free. Suppose V — ► AA is an isomorphism 
on the set of objects and induces fibrations on the morphism spaces. Let Sect(Af,V/AA) 
denote the space of morphisms from AftoV yielding the same composition Af — > AA, and 
let Homx{Af,V) denote the space of morphisms commuting with the projections to X. 

Lemma 1.4 In the above situation, the map 

Sect(Af,V/M) -> Hom x (Af,V) 
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is a weak homotopy equivalence. 

Proof: We can form the fiber product Q = V x x M. (since X is discrete, this is the same 
as the path fiber product). The map Q — > M. is a fibration, and we have 

Sect(Af, Q/M) = Hom x (Af,V). 

There is a morphism V — > Q of fibrations over .M sending r to (r, y?(r)) where </?(r) is the 
image of r in M. This induces the map 

Sect(Af,V/M) -> Sec^JV, Q/jV) = Hom x (Af,V). 

Thus it suffices to prove that "P — > Q induces an equivalence on the space of sections. 
Note first of all that for any <p : X -> X' in # we have that P(0) -> = P(0) x M (0) 

is a weak equivalence, and hence a weak equivalence in each fiber. Then we have a 
Sublemma: If Af is CW-free and V — > Q is a morphism of fibrations over inducing a 
weak equivalence in each fiber, then Sect(Af,V/M) — > Sect(Af, Q/M) is a weak equiva- 
lence. 

The sublemma evidently will complete the proof. We prove the sublemma by transfinite 
induction on the sequence of subcategories involved in the definition of CW-free. For each 
j let Vj — > Afj (resp. Qj — > Mj) be the fibration pulled back from Ai to Af and restricted 
to Afj. Let % be the first index where SedifPij Aff) — > Sect(Qi/Afi) is not a weak equiva- 
lence. Note that Sect(Vi-\/Afi-i) is a projective limit of a sequence of fibrations (we shall 
see below that the maps are fibrations); and projective limit of fibrations commutes with 
taking homotopy groups, so the morphism 

SectiVi-x/Ni-x) -> Sect(Q i - 1 /Afi-i) 

is a weak equivalence. But now the fact that Afi is freely generated over Afi-i by the cell 
aii implies that the map 

Sect(Vi/Afi) -> Sect(Vi-i/Afi-i) 

is a fibration, and the fiber over Uj-i is the space of sections of the pullback of V over the 
cell ctj, compatible with <7j on the boundary 9(cti). The map between the fibers for V and 
Q is equal to the map induced by the map of fibrations pulled back to a. Since this map 
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of fibrations is a weak equivalence on the fiber, the map between the space of sections is 
a weak equivalence. Now we have a morphism of fibrations 

SectiVt/N,) -> SectiVi-jAfi-i) 

I I 
Sect{Vi/Ni) -> SectiVi-i/M-i) 

which is a weak equivalence on the base and on the fiber. From the long exact homotopy 
sequence and the 5-lemma, it is a weak equivalence on the total space, contradicting our 
inductive hypothesis. This proves the sublemma, and hence the lemma. □ 

Suppose Af is CW-free, and that we have a functor Af — > X where X is a discrete cat- 
egory, an isomorphism on objects, and with weakly contractible Af(4>) for each morphism 
in X . Suppose Af' C Af is a CW-free cellular subcategory. Suppose C is a contin- 
uous category. We use the Postnikov tower of continuous categories r<„C, to analyze 
Hom(Af,C) -> Hom(Af',C). 

First of all, we note that Hom(Af,C) — > Hom(Af',C) is a fibration. This is because Af 
can be obtained from Af' by a (transfinite) sequence of additions of cells; thus Af' appears 
as one of the Afj in the above argument. We have seen that Hom(Af,C) — > Hom(Afj,C) 
is a fibration. 

We have a diagram 

HomiAf.T^C) -> Hom{Af,C) 

i i 
HomiAf',^) -> Hom(Af',C) 

where the vertical arrows are fibrations and the horizontal arrows are weak equivalences 
(because the homotopy groups can be calculated by looking at an inductive process of 
adding cells to obtain Af or Af', and t^C — > C is a weak equivalence). In this situation 
the fibers of the vertical fibrations are weakly equivalent. We would like to analyse the 
fiber over an element G G Hom(Af',T oc C). Let Hom(A/,r 00 C;G) denote the space of 
morphisms restricting to F on Af'. The composition with r^C — > r< n C induces elements 
which we also denote by G E Hom(Af, T< n C; G). 

Note that all of the morphisms in the Postnikov tower for C induce isomorphisms on 
the set of objects. 

The homotopy fiber of 

Hom{Af, r< n C; G) -> Hom{Af, r< n _iC; G) 
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over F is equal to the space of sections of the fibration V n — > N given by path fiber 
product 

V n :=Afx™ h _ iC r< n C, 

and equal to the given section G over J\f'. 
By the previous lemma, we have 

Sect{V n /M) = Hom x (M,V n ), 

and 

Sect{N',V n /N) = Hom x {N',V n ). 

Furthermore, the square made up of these two maps and the restrictions, commutes. Thus 
the fiber of 

Sect{V n /N) -> Sect{N\V n /N) 

is equal to the fiber of 

Hom x (U,V n ) -> Hom x (Af',V n ) 

over the corresponding element (which we also denote by G). 

On the other hand, the fiber of V n (X,X') over r G N{X,X') is equal to the homo- 
topy fiber of T< n C{FX,FX') -> r< n _iC(FX, FX') over F(r). This homotopy fiber is a 
K(G((f>),n) where G(0) is a group depending only on the morphism in X which is the 
image of r. Since N{4>) is weakly contractible, V n {4>) is weakly a K(G(<j>),n). We have 
obtained the following situation: 

TTie homotopy fiber of 

Hom(Af, r< n C; G) -> Hom(Af, r< n _iC; G) 

over F eg^a/ to i/ie /ifrer 0/ 

Hom x (N,V) -> Hom x (N',V) 

over G, where V ^> X is a morphism of spacial categories such that V((f>) is weakly a 
K(G((f)),n) for each (f) e X . 

(We say that T 3 is an Eilenberg-MacLane category over ^ in the above situation.) 

In the next subsection we will investigate conditions for the map 

Hom x (N,V) -> Hom x (N',V) 

to be a weak equivalence; note that it is a weak equivalence if and only if the fiber is 
nonempty and weakly contractible. 
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Functors to Eilenberg-MacLane categories 



Suppose that Af is a CW-free continuous category with a functor to a discrete category 
X\ and suppose that V — > is an Eilenberg-MacLane category over A\ Suppose for now 
that V(4>) = K(G(4>) ) n) for n > 2. The groups are then well defined, and form a 

system (see below). 

Let denote the set of primitive (cubic) cells in degree k in Af((fi). For a G Xfc(0) 

can write 

i j k I 

where /3j(o") e S fc _ 1 ('0j((T)) and c^(o") G E (^(cr)) and 7f(cr) e S (Cf(c)), whereas the 
Si(a) are decomposable into products of at least two positive-degree pieces. 

Let Af k denote the subcategory generated by all cells in degrees < k. We have a 
fibration 

Hom x {N\V) -> Hom x {M k -\V), 

and the fiber Fibk(F k _i) over is the space of ways of mapping each cell a G 
into 7- > (0) coinciding with the map F k -i on the boundary. If k > n + 2 then the space of 
ways of mapping a into V(<f>) relative to the boundary, is weakly contractible. If k < n 
then there exists a way of mapping each a coinciding with the given map on the boundary 
(since 7Tfc_i(F(0)) is trivial in that case), and the space of such maps for a given a is a 
K(G(4>) : n — k) (it is a principal homogeneous space over G(4>) for n = k). If k — n + 1 
the space is nonempty and weakly contractible if a certain obstruction in G(<f>) vanishes, 
otherwise it is empty. 
We obtain: 

Fib n+1 (F n ) = 



obs(F n )^0m rUE n+lW 
* obs(F n ) = in rUE„ +1 (<« ^(0) 



and 



Fib k (F k . 1 )= J] ^(G(0),n-A;) = ir( G((f>),n-k) 

for k < n. 

In such a situation (a sort of reverse Postnikov tower of fibrations, where the homotopy 
degrees decrease in the tower instead of increasing), the homotopy groups of the total space 
are calculated by a complex whose elements are the homotopy groups of the components. 
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We treat this generally for the moment (note that the discussion below is also a special 
case of the spectral sequence for towers discussed in §5). 

Suppose we have a sequence of fibrations £4 — > £4_i, with nonempty weakly con- 
tracture fiber for k > n — 2. The limit U is then weakly equal to U n+ \. Suppose u £ U n . 
Suppose that the fiber of Uk — > over the image of u, is a K(Gk, n — k) (and here, 
we can fix the groups because we have the basepoint u for the fiber). The long exact 
homotopy sequence (dropping the basepoint, which will always be the image of u) gives 

TTi(U k ) = 7Tj(C/ fe _i) 

unless i, i — 1 = n — k, that is unless i = n — k or i = n — k + 1. We obtain iTi(U n ) = 
7Tj(C/„_ i+ i), and 7Ti(C/ n _j_i) = 0. We have 

— > 7Tj([/ n _i + i) — > -Ki(U n -i) — > G n _ i+ i 

and 

7Ti+l(C4-i-l) — >■ G n _ 8 — > TTi(U n -i) — > 7rj(?7 n _j_i) = 0. 

The compositions 

G n -j — > iti(U n -i) — > G n _j+i 

give the morphisms for a complex, and from the two exact sequences above, we have that 
Hi(U n ) is the cohomology of this complex. The complex is 

G.(u) = Go — > Gi — > . . . — > G n -i ~~ ^ C n , 

and 

7r J (f/, M ) = i/ n - J (G'.H). 

If, furthermore, the obstruction for the existence of u in U n+ i mapping to u £ U n is an 
element of a group G n+ i then we can think of G n +i as being the next term in the complex; 
this is not quite rigorous because the complex depends on the choice of u. 
The part of the complex 

Gq — > . . . — > G n _i 

depends only on the choice of u £ U n -\ and U n -\ is contractible, so this part of the 
complex is fixed. In general, G n could be only a set, and G n _i a nonabelian group. The 
obstruction is a boolean variable. The group G n _i acts on G n , preserving the boolean 
value of the obstruction. 
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Return now to our previous situation, and suppose that n > 2. Then the groups G(<ft) 
are well defined and abelian, and for two composable morphisms and ip we have 

G(<f>) -> G{H) 

a i— > a-0 

and 

Gty) - G(0^) 

6 i-^ 06 

giving 

G(0) x G($) -> G(#) 
(a, 6) i— > a-0 + 06. 

The actions a i— > a-0 and 6 i— > 06 are compatible with the multiplication in ^ and commute. 
We obtain a complex CP. of abelian groups defined by 

pc k = n 

<T6E fc (0) 

The end of this complex goes into degree n + 1 (and past, even), and the action of PC„_i 
on PC n is by translation via the morphism PC n -\ — > PC n , and the boolean variable is 
determined by the morphism PC n — > PC n+ \. 

The differentials are given (in terms of the formula for the boundary of a cell a) by 

(dg)a = 

E(n^»)^w(ncf(^))- 

(With appropriate signs.) For the one-dimensional cells, note that the boundary is a sum 
of products of zero dimensional cells. Corresponding to a certain product here, there is 
included above one term for each term in the product. 

The proofs of the statements claimed in the two previous paragraphs are left to the 
reader. 

If M' C M is a cellular subcategory with the same properties, then there is a morphism 
of complexes 

PC.(Af,G(-))^PC.(Af',G(-)). 
If this induces an isomorphism on cohomology, then the map 

Hom x (Af,V) -> Hom x {N',V) 
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is a weak equivalence. 

Leaving aside the cases n = and n = 1 for the moment, if Af' C Af induces isomor- 
phisms on cohomology of the complexes PC. for all systems of abelian groups G((f>) as 
above, then it induces weak equivalences of the homotopy fibers of 

Hom(Af,r< n C) -> Ham{N,T< n - 1 C), 

and so by induction (except we haven't yet treated the initial cases), we get that for any 

n, 

Hom(Af, r< n C) -> Hom(Af', r< n C) 

is a weak equivalence. If, furthermore, C is n -truncated, then the fact that a morphism 
of continuous categories inducing weak equivalences on the Horn spaces, induces a weak 
equivalence on morphisms from Af (which can be seen by looking at the inductive con- 
struction of Af obtained by adding primitive cells one after the other), implies that 

Hom(Af, C) <- Hom(Af, t^C) -> Hom(Af, r< n C) 

are weak equivalences, and hence in our situation 

Hom(N, C) -> Hom{U\ C) 

is a weak equivalence. 

Suppose now that Af is a cellular subcategory of A4, the free spacial category over X . 
Thus Af is determined by the subsets 

£ fe (A0 C E k (M) 

where Sfc(TW) is the set of all composable k + 1-tuples of morphisms in X . These subsets 
are subject to some conditions to insure that Af is generated by these primitive cells. 

We can denote a cell by its composable sequence (0 O > • • • , <j>k)- The primitive cells in 
its boundary are 

(00, • ,0fc), 

O (01, • • . ,0fc), 

and 

(00, • • • ,0fc-l)0fc- 
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G((f> - ■ -(p k ). 



An element will be denoted by a function 



g(<j>o, . . . 



and the differential becomes 



(dg)((f) , . . .,<fr k+1 ) 



00^(01, • • • ,0fc+l) 

+(-l) k+1 g((f) ,..., fc )0 fc+ i 



k 



+ Z](- 1 )V(0o, • • • , <f>i, ■ ■ ■ , (Pk+i)- 



i=i 



We will interpret this in a more abstract way. 

For each morphism in X, let Ajv(0) denote the simplicial complex whose simplices 
in degree k are expressions of the form a(<f>i, . . . , (pk)P such that a<pi ■ ■ ■ 0^/3 = 0, with 
(0i, . . . , 0fc) a primitive cell in J\f and a and /3 morphisms in X . The boundary simplices 
are given by forgetting elements 0«; if 0i or 0^ are forgotten then they are put into a or 
(5. If u, 0, f is a composable triple, then we obtain a morphism of simplicial complexes 



Let Fl(X) denote the category of morphisms of X, where a morphism from -0 to is an 
expression -0 = tufrv. Then 



is a contravariant functor from Fl(X) to the category of simplicial sets. On the other 
hand, our system of groups G(-) is just a contravariant functor from Fl(X) to the category 
of abelian groups. 



Here Homx(Ajy, G)) is the simplicial abelian group obtained by taking the space of mor- 
phisms of presheaves in each degree. The operation Tot is just the operation of combining 
the face maps into a differential to obtain the total complex. This identification comes 



a(0i,...,0 fe )/3 



i-> Aat(0) 



We have 



PC.{N,G{-)) = Tot{Hom x {K M ,G))){±\). 
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about because an element of PC.(J\f, G(-)) is a function g((f>o, . . . , <pk) but which may be 
considered as a function g(a(<f> , . . . , <j>k)P) on satisfying the rule 

g(ua((f) , . . . , <p k )l3v) = ug(a((j)o, <p k )l3)v 

This rule gives 

g(a((f) , <p k )(3) = ag(<p , 4> k )P- 

Note the shift by one, between and PC. (I never know which direction for these shifts, 
thus indicated by ±1!!!). 

Lemma 1.5 Suppose Af' is a cellular subcategory of H' with the required properties dis- 
cussed above. If, for each (p e Fl(X), the morphism (inclusion) of simplicial complexes 

A^(0) -> A M ((f)) 

induces an isomorphism on cohomology with integral coefficients, then for any system of 
abelian groups G(-), 

PC.(Af,G(-))^PC.(Af',G(-)) 

is an isomorphism on cohomology, and consequently for any V — > X with Eilenberg- 
Maclane fibers K(G(<f>),n) for n > 2, we have that 

Hom x (N,V) -> Hom x (N',V) 

is a weak equivalence. 

Proof: The set of morphisms between presheaves may be interpreted as the global sections 
of a presheaf of morphisms, 

Hom x (U, V) = T(Hom(U, V)). 

For any G we can choose a resolution by presheaves of the form H v Ind{H* rj) where each 
H l is an inject ive group and 

IndiH^nM) := I] K 

(a,/3):r?->V 
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Applying the functors Tot{Homx{Ajsf, ')) or Tot(Homx(A^f/, •)), we obtain a morphism 
of double complexes corresponding to the inclusion of Af' in Af. In the columns, we have 
the morphisms of the total complexes 

TotiHomxiAx^IndiH^r)))) -> 
v 

Tot(Hom x (A M ,,l[lnd(H v ,r)))). 
v 

But 

Homx(Aj^, Ind(H,i])) = 
Hom(A M (r)),H) 

and the same for Af'. Our morphism in the ith column is therefore a product of morphisms 
of complexes of the form 

Hom(A M (ri),H) -> Hom(A^(r]), H); 

by hypothesis these induce isomorphisms on cohomology. Thus the product is an isomor- 
phism on cohomology so in the cohomology of the columns of our double complexes, the 
morphism induces an isomorphism in cohomology. Therefore the morphism between dou- 
ble complexes is an isomorphism in cohomology. On the other hand, take the cohomology 
in the rows. In the kth row we have the functor Hom(Aj^ tk , •) applied to the resolution 
of G. We claim that this functor is exact in the argument G. 

The functor Homx{A^^-, •) decomposes as a product over the elementary cells denoted 
(0i, . . . , 4>k) € Af (with the composition denoted <p := (pi ■ ■ ■ <f> k ): 

Hom x (A Kk ,G)= I] W)- 

Each factor in the product is exact in G, so the product is exact in G. 

Now in the cohomology of the row we obtain only Hom^Aj^^, G) in the first column. 
From this follows that the cohomology of the double complex is the same as the cohomol- 
ogy of the complex for the presheaf G; and the same being true for Af', we can conclude 
that we obtain an isomorphism in cohomology of the complexes for the presheaf G (that 
is, the statement of the lemma — note that the second part has been discussed previously) . 
□ 
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Specifying flexible functors on subcategories 



We apply the above analysis to a more concrete situation, which arises in practice. 
Suppose {X a } ae A is a family of subcategories of a category X. Suppose that 

Ob(X) = (J Ob(X a ). 

aeA 

Suppose that T a : X a — > C are flexible functors to a continuous category C, which agree 
exactly on the intersections X a p :— X a D Xp (the intersection is the subcategory obtained 
by taking the intersections of the object and morphism sets). We would like to investigate 
the space of flexible functors T : X — > C which restrict to the T a on the X a . Note that 
this space is well defined, since the objects T x are already fixed for all X e X (due to 
the fact that any X appears in at least one X a ). The space of such T is thus a subset of 
a product of spaces of maps between the fixed objects. 

Put X ai ^ an be the intersection of X ai , . . . , X an . Let J\f ai ,..., a „ denote the free cel- 
lular category on X aij _^ an (considered as a subcategory of M. = MX). Let Af be the 
subcategory of M. generated by the M a . 

The set of primitive cells of M is the union of the sets of primitive cells of the M a . 
More precisely, let E ai,- "' a ™(0) denote the complex of primitive cells in J\f ai ,...,a n {<j>) for 
4> G X aij ^ an . We form a complex of presheaves of abelian groups on Fl(X), 

2A Q1 '"' 

whose value on a morphism ip in X is freely generated by the symbols f*(cr) where 
/ : tp — > cj) is a morphism in FZ(A') (for an arrow in Af Qlj ... jan ) and cr e E ai '-' a "(0). 
There is a long exact sequence of complexes of presheaves of abelian groups, 

. . . -> ZA Ql -- a ") -> 

ai,-,a n 

...^0ZA Q ^ZA^, 

where ZAjy denotes the complex of sheaves of free abelian groups generated by the A_^. 

(Again the proof is left to the reader — the last term is because the primitive cells of 
M are the union of the primitive cells of the M a ...). 

Our complex PC.(N,G(-)) is just Hom F i( X )(ZA^f,G), which is the same as 

Ext Fl(x) (ZA x , G) 
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since the complex ZAjv - is co-induced. From the above long exact sequence, we get a 
spectral sequence 

El' n {m) = Ext i (ZA ai '-' otn ,G)^Ext i+n (ZA J ^,G). 

ai,...,a n 

Note finally that 

Hom Fl{x) (ZA a ^-^,G) 
= Hom F i(x aiz ..., an ){^Mx ai ,...,„„, G\pi( Xau an )) 

and recall that ZAmx^ an associates to each arrow <fi the free abelian group complex 
associated to the nerve of the category of objects inside (f>. 

We treat the case where there is only one index a. Then our spectral sequence is 
trivial, becoming just 

Ext Fi{x){^N, G) = Ext Fl ( X }{ZA MXa ,G\ F i( Xa )). 

For an arrow (ft in X, we can define a category Ins Xa / x (<p) to be the category whose 
objects are objects of X a lying inside (ft in the sense of X, and whose morphisms are those 



coming from morphisms in X a between the objects. The criterion of Lemma [L5] is that 
if, for any morphism of X, the inclusion of nerves 

N Ins Xa/x {4>) C NIns x {4>) 

induces an isomorphism on cohomology with abelian group coefficients, then the fiber of 

Hom x (M,V) -> Hom x (Af,V). 

is weakly contractible. 

The case n = 

For any continuous category C, the construction above with the functor ttq : Top — > Set 
gives a discrete category ir C whose sets of morphisms are the sets of path components of 
the morphism sets of C. There is a natural functor C — * tiqC inducing an isomorphism on 
object sets. For a morphism <p in tc C, the inverse image C(<f>) is just the path-component 
corresponding to in the morphisms of C. 

We say that a map A — ► B between topological spaces is weakly continuous if, for any 
CW complex Z and continuous map Z — > A, the composed map Z —>■ B is continuous. 
A weakly continuous map induces maps on homotopy groups. We say that it is a weak 
equivalence if it induces isomorphisms on homotopy groups. 
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Lemma 1.6 Suppose C is a O-truncated continuous category (that is the path components 
of the morphism spaces are weakly contractible) . Let M. be a CW-free continuous category. 
Then the functor 7r induces a map 

Hom(M,C) — > Hom(7r M,n C), 

the Horn on the left denoting the space of continuous functors. This map is a weakly 
continuous weak equivalence if the Horn on the right is given the discrete topology. 

Proof: It is clearly weakly continuous. We have to show that the fibers are nonempty and 
weakly contractible. We do this by transfinite induction on the generating cells of Ai, as 
usual. Fix an element 

F e Hom(M,C) -> Hom(ir M,ir C), 

and for any subcategory Af C M. let Hom F (N \C) denote the space of morphisms G such 
that for 4> E Af, G(4>) is in the path component which is the image by F of the path 
component of 0. Express M. as an increasing union of subcategories Mj such that Mj 
is generated over A4<j by a single cell aj. Then 

Hom F (M j ,C) -> Hom F (M <:i ,C) 

is a fibration with weakly contractible fiber. Furthermore, Hom F (,M<j,C) is an inverse 
limit of fibrations with weakly contractible fiber, over any Hom F \M. U C) for i < j; thus 

Hom F (M j ,C) -> Hom F (Mi,C) 

is a fibration with weakly contractible fiber for any % < j. Finally note that for the first 
value of i, Hom F (M. h C) is weakly contractible. Thus Hom F (A4,C) is weakly contractible 
as desired. □ 

Corollary 1.7 Suppose C is O-truncated and Af C M. is a cellular subcategory. The 
restriction morphism 

Hom(M,C) -> Hom(AT,C) 

has fibers whose path- components are weakly contractible. The path- components in the 
fiber over F correspond to the functors ttqAA — > n C extending tt F. In particular, if 
there exists a unique such extension, then the fiber of the restriction morphism is weakly 
contractible. 
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Proof: Note that the restriction morphism is a fibration, by our standard arguments. To 
find the weak type of the fiber, we can compare the weak type of the two spaces. □ 

Suppose A4 is the free continuous category over X and Af is the cellular subcategory 
generated by a family of subcategories X a C X. Then n Q Af is the free category generated 
by the X a , amalgamated over X a @. We explain this more precisely. The object set of ttqM 
is the union of the object sets of X a . In order to determine ttqM , it suffices to consider 
the 0-cells and 1-cells. The 0-cells of Af are formal products of composable sequences 
of morphisms each coming from one of the X a . There is a 1-cell linking <j)\ • • • <j> n to 
</>!■■• ■■■(/>„ whenever 0, and (fi + i are in the same subcategory X a . The morphisms 

in iroAf are equivalence classes of formal products of morphisms coming from the X a , 
modulo the equivalence relation generated by the 1-cells described above. 

Lemma 1.8 In the above situation, if A is any category, a functor F : TT Af — > A is the 
same thing as a family of functors F a : X a — > A such that F a \x a/3 = Fp\x af3 - 

Proof: Given a family of such functors, and given a composable sequence 0i - • • (fi n , let 
(pi € Xa.. We put 

F{4>\ - ■• <fin) :=F ai {4> 1 )---F an {<l>n)- 

This is compatible with the equivalence relation given by the 1-cells of Af, so it defines a 
functor ttqA/ — > A. On the other hand, note that we have functors i a : X a — > noAf such 
that i a \x a B = ip\x a p- If F '■ n o-ff ~^ A, set F a := F o i a . These two constructions are 
inverses. □ 

Corollary 1.9 In the above situation, suppose C is O-truncated. The path components of 
the fiber of 

Hom(M,C) -> Hom(Af,C) 

over an element F on the right corresponding to {F a : X a — > ttqC}, are weakly connected, 
and correspond to the functors G : X — ► n C such that G\x a — F a . 

Proof: Put together Corollary |1.7| and the previous lemma. □ 

The case n = 1 
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Now suppose M is the free continuous category over X, and that we have a functor 
p : V — > X of continuous categories such that p induces an isomorphism on the set of 
objects, and for each morphism <f> E X, the inverse image V(<f>) is a connected K(ir, 1) 
space. 

We do not assume that there is a privileged choice of base point in V(<f>). We investigate 
this question first. 

Lemma 1.10 Suppose M C M is a cellular subcategory, and suppose that there exists a 
continuous functor q : M — > V over X . Suppose that for each (f) £ X , the inverse image 
J\f((ft) is connected, and the map g(0) : jV(0) — > V((f>) is homotopic to a constant map. 
Then there exists a functor p : M ^ $ extending q. 

Proof: Let Mi be the subcategory of M generated over M by the primitive and 1- 
cells of M which are not in N ' . Let M2 be the subcategory generated over M by the 
primitive cells of dimension < 2. Since each M{4>) is connected, we can choose a functor 
r : Mi — > H equal to the identity on N '. We obtain a functor 

p 1 := qr : Mi — > P. 

On the other hand, if a is a primitive 2-cell of Ai, then J9i|g a is homotopic to a con- 
stant map, from the second hypothesis. Therefore pi\o a extends to a map defined on a. 
Choosing one such extension for each primitive 2-cell, we obtain a functor p2 : M.2 — > "P 
extending pj. Now we can do the same for all other primitive cells, since the higher 
homotopy groups of the V{4>) vanish. We obtain the desired p. □ 

Remark: Note that the hypotheses of the lemma are automatically satisfied if the 
M{<p) are connected and simply connected. 

We now suppose given a functor p : M — > V . For each <fi £ X, put 

G{4>) := 7^(^(0)^(0)). 

For a composable pair 0, -0 we obtain a path p(0, -0) going from p(4>ip) to p{ip)p{4>) in 
V(<f)ip). On the other hand, the multiplication map from the structure of V, 

m : V{ip) x P(0) -> P(0-0) 

gives a map 
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Conjugating with the path p((p,ip) we obtain a map (of groups) 

p : G(^) x G(0) - G(#). 

The precise formula, with the convention that a composition of paths a/3 indicates a on 
the interval [0, 1/2] then /3 on [1/2, 1], is 

n(a,P) =p(0,^)m(a,/3)p(0,^) _1 . 

We construct a category C? together with a functor : Q — > such that is an 
isomorphism on the set of objects, and such that Q{4>) is identified with G(4>). The 
composition in Q is defined by the multiplication /i. To verify that this defines a category, 
we must check that the composition defined by ji is associative. Suppose a G G(<f>), 
13 G G(ip), and 7 G G(r) with (f>,ip,T a composable sequence in A\ Then 

//(a, //(/?, 7)) = 

^r)m(a, p(^, r)m(/3, 7)pO, 
ijjr)m(p((f)),p(ijj, r))m(a, m((3, t))"i(*pW>p(^> V^) -1 
Am(a,m(/3,7))A _1 

where 

^4 = p((/),il>T)m(p((f)),p(ip,T)). 

Similarly, 

/i(/i(a,/3,7) = 
Bm(m(a,f3),^)B- 1 

where 

5 = T)m(p((f), ip),p(r)). 

Since the composition m of P is associative, we have 

m(a, m(/3, 7)) = m(m(a, (3, 7), 

so it suffices to show that A — B. But the homotopy p((p,ip,T) is exactly a map of a 
square to V{4>ipr) such that two of the sides go to A and two go to B. Thus A and -B are 
homotopic, giving the associativity of the composition /i. 
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The structure of group on G((f>) is compatible with the multiplication, so the category 
G is a group in the category of categories over X . In other words, we have a product 



G ^xG^G 

which is associative in the sense that the diagram 

GxxGxxG -> G *xG 

i i 

G*xG -> G 

commutes; and there is a morphism % : Q — > Q over giving the inverse, as well as a 
section X — > £ giving the identity. 

A G-torsor J over Af is a category with a functor — > inducing an isomorphism 
on the set of objects, and a functor 

G *xJ^J 

such that the diagram 

G XxG XxG -> ^ x*£ 

I I 
^x^^? -> G 

commutes, and such that G(<f>) acts simply transitively on J~(4>) for all morphisms in X. 
A trivialization of a (/-torsor J7" is a functor u : G J compatible with the left action 
of G on itself. This is necessarily an isomorphism. Note that a trivialization is the same 
thing as a section X — > the section corresponding to w is w(l^). 

If is a ^-torsor, we define another relative group Ad(J") — > as follows. An 
element of A<i(j7")(0) is an expression of the form j~ x gj for j € J7"(0) and 5 G G (<}>)■ Such 
an expression is equivalent to another (J')~ 1 g'f if f = hj and </' = hgh -1 for ft, e G{4>)- 
The multiplication of the group law is given by formally multiplying after putting the two 
elements into a form with the same element j. On the other hand, the multiplication in 
the category is given by the formula 

(./ '//./) •(!./'! 7/./'! := U-.J) ' (//•//)(./•/). 

This is evidently associative, and it is compatible with the above equivalence relation (and 
the structure of group) since 

(hj)-(h>j') = (h-h')(j-f). 
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Note that Ad(J')((j)) is equal to the group of automorphisms of J7"(0) considered as a 
left Q(<f))-set, with the automorphisms acting on the right by the rule 

j{r l gj) = 93- 

Lemma 1.11 Suppose Af C M. is a cellular subcategory. Let q denote the restriction of 
p to Af. The space of continuous functors M. — > V over X , restricting to q on Af, is a 
union of path- components T^j^ parametrized by pairs consisting of a Q-torsor J over X 
and a trivialization t of the pullback of J to n Af. The path component T(j,t) has trivial 
homotopy groups in degrees > 2, and its fundamental group is isomorphic to the group of 
sections X — > Ad{J) pulling back to the identity section on 7i Af (which is also the group 
of automorphisms of the pair {J , t) ). 

Proof: Suppose / : M — > V is a continuous functor. Put J(4>) equal to the space 
of paths from p(cf>) to f ((/>), with composition of arrows defined as above. We get a 
category J over X with structure of left (/-torsor. This is clearly an invariant of the path 
component containing /, and if / restricts to q (the restriction of p) on Af then we obtain 
a trivialization of J over ttqJV. Note that Ad{fJ) is now the same relative group as would 
have been obtained by starting with the basepoint /. We claim that the trivializations 
of {J , t) trivial on Af are in one to one correspondence with the homotopy classes of 
homotopies from / to p. Given such a homotopy, we obtain a trivialization. Conversely, 
given a trivialization corresponding to a section s : X = J (equal to the identity over 
ttoJV), use the path s(4>) from p{<p) to /(</>) to make a homotopy between p and /. Such 
a homotopy will exist and be unique (up to homotopy), if the two paths 

p(0,^)m(s(0),s(^)) 

and 

s{U)f{<P^) 

from p(0 • ip) to f(<f)) ■ f{ip) are homotopic. This is the case because s is a section (in 
view of the category multiplication in J , defined analogously to that of Q but using the 
paths p((f), ip) and if})). The existence and uniqueness statements from here are due 
to the fact that maps of two-cells into the P(<fnp) are unique up to homotopy, and exist 
if and only if the boundary is a trivial path (and maps of n-cells exist and are unique 
for n > 3). This statement shows that the fundamental group of the path component 
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containing p is equal to the space of sections of Q (trivial on A/"); and that any functor / 
giving a pair (J~,t) isomorphic to (G,e), lies in the same path component. In particular, 
since the relative group associated to any / is Ad(J'), the fundamental group of the path 
component containing / is the space of sections of Ad(J) trivial on M . To finish, it 
suffices to see that / and /' are in the same path component if their torsors (J~, t) and 
{J\ t') are isomorphic. For this it suffices to note that there is a construction for the 
torsor (J'jjt'j) of /' from the point of view of /, and the same for the torsor (J~f,tf) of 
/ from the point of view of / (and this construction depends only on the isomorphism 
class of the original torsor, so {J'^t'f) = (j7/,t/)); but as / is in its own path component, 
{J~f,tf) is trivial; thus (j7j,tj) is also trivial so the above proof shows that /' is in the 
path component of /. □ 



Corollary 1.12 Suppose that for any relative group Q over X and any Q -torsor J , we 
have 

Hom x (X, J) -> Hom x (7r Af, J). 

Then for any relative degree 1 Eilenberg-MacLane category V over X with a section p : 
M -> V, the fiber of 

Hom(M,V) -> Hom(M,V) 
over the restriction q of p to M , is weakly contractible. 

Proof: The fiber is path-connected, since by hypothesis any pair ( J7", t) is trivial; and the 
fundamental group is trivial since the space of trivializations restricting to t has exactly 
one element. □ 

Finally, we return to the case where M is generated by a family of subcategories 
X a C X . We don't answer the question of the existence of a section p restricting to a 
given one q any further than in Lemma p..ll| above. We consider the criterion of the 
corollary. If J is a ^-torsor over X, the space of sections Homx^oN ', J) is equal to the 
space of families of sections 

{u a : X a -> J s.t. u a \ Xa0 = Up\ Xoig }. 

The criterion is therefore that this space of sections be equal to the space of sections 
u : X -> J. 
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2. Morphisms 



We define the space of morphisms from one flexible functor T° to another one T 1 . 
This leads to a "Segal category" (cf Segal |)4j, Dwyer-Kan-Smith [p8fl ) of flexible functors. 
This is probably closely related to the simplicial category Coh(X, Top) defined by Cordier 
and Porter |2l| although we don't prove this relationship. It is also very similar to the 



original approach of Vogt [78| where he obtained a restricted Kan simplicial set. In the 



present paper we topologize the morphism sets so we obtain a simplicial space rather than 
simplicial set, and the Segal condition is analogue to the restricted Kan condition. See 
for a somewhat different approach. As we shall see later (in a reworking of Vogt's original 
theorem [78fl), we get the same answer as the simplicial category of fibrant simplicial 



presheaves j|5| (|9| 



We denote by / the category with two objects, denoted and 1, and one morphism 
1 —> (aside from the identities). We denote by I n the cartesian product, and 
the symmetric product. We denote the objects of 1^ by 0,1,..., n; there is exactly 
one morphism i — > j when % > j (and none if i < j). We denote by / the category with 
objects and 1, and morphisms — ► 1 and 1 — ► (whose compositions are the identities). 
Again, 7™ is the cartesian product and 1^ is the symmetric product with objects denoted 
0, . . . , n (and one isomorphism between each pair of objects). We consider J, I n , T n > as 
subcategories respectively of J, J n , I n \ 

Suppose T° and T 1 are flexible functors from X to a continuous category C. A mor- 
phism from T° to T 1 is a flexible functor F from X x I to C such that F\i = T % for % — 0, 1. 
This is the same definition as used by Vogt ||78|| . Note that there is no obvious natural way 



of composing morphisms; we will treat this in more detail during this section. However, 
there are natural notions of composable sequences of morphisms of flexible functors. A 
composable sequence of length n of morphisms of flexible functors is a morphism 

F : X x 1^ -> C 



(again this definition was originally made by Vogt ||78|| ). Note that for any < i < j < n 
we have an inclusion 

K{n;i,j) : -^I {n) 

sending the object k to the object k + i. If F is a composable sequence of length n then 
for any < i < j < n we obtain the composable sequence F^ := K(n;i,j)*F of length 
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j — i. In particular, we obtain flexible functors Fi : X — ► C and morphisms Fa + \ from Fj 
to F i+1 . 

An equivalence from T° to T 1 is a flexible functor F from ^ x I to C such that F\j = T % 
for z = 0, 1. Note that an equivalence induces morphisms from T° to T 1 and from T 1 to 

If T°, . . . , T n are fixed flexible functors, then the set of composable sequences F of 
length n with Fi = T l forms a topological space which we denote by Hom(T°, . . . ,T n ). 
If M. is the free continuous category on X x jw and if J\f is the cellular subcategory 
generated by the subcategories X x {i}, then Hom(T°, . . . , T n ) is the fiber of Hom(Ai,C) 
over the element of Hom(J\f, C) corresponding to T , . . . , T n . 

Similarly, the set of equivalences between T° and T 1 forms a topological space which 
we denote Equiv(T° 1 T 1 ). If M. is the free continuous category on X x / and M the 
subcategory generated by the X x {z}, then Equiv(T° ', T 1 ) is the fiber of Hom(Ai,C) 
over the point of Hom(J\f,C) corresponding to T Q ,T l . We can also define a space of 
composable n-tuples of equivalences Equiv(T°, . . . ,T n ) as above. 

The following theorem is almost the same as what Vogt did [75]; he didn't topologize 
the spaces of composable rz-uples, and he obtained the restricted Kan condition for the 
resulting simplicial set. See Dwyer-Kan-Smith [f28| . 



Theorem 2.1 Suppose T°, . . . , T n are flexible functors from X to a continuous category 
C. Suppose Gi e HomiT 1 ' 1 ,T*) for i — 1, . . . ,n. Then the space of composable n-tuples 
F G Hom(T°, . . . ,T n ) such that F^i^ = Gi is weakly contractible. 

Proof: Let M. be the free continuous category on y := X x and let Af be the cellular 
subcategory generated by the subcategories := X x («(n;z — 1, «)(/)). We apply the 
criteria developed in the first chapter. 

First claim: For any in 3^, A/"(0) is contractible. 

We give the proof in the case n = 2, for now. The points of M{4>) may be written in 
the form (W, e, t) where W = . . . , <pk) is a word of composable morphisms in X, with 
composition equal to 0; e = (e , . . . , e&) is an increasing sequence of elements of {0, ... , n}; 
and t = (tx, . . . , is a point in [0, These points are subject to the usual relations 

for ti = 0. Define a map 

F : AT(0) x [0, 3] -> AT(0) 

as follows. For s G [0, 1], put 

F(iy,e,t; S ) = (iy,e,t / ) 
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where t\ = U if e« > 1, and t\ — (1 — s)tj if = 0. Put 

F'(^e,t;l) = (^,e',t / ) 

where t' is as defined above for F(W,e,t; 1), and = max(l, e«) for all % except % = 
(where e = 0). Note that F(W,e,t; 1) ~ F'(W, e, i; 1) because of the rules for changing 
the 6j. Put 

F"(W,e,*;l) = (W,e",0 

where 

W" = I ■ W 

(this denotes concatenation, putting / at the front of W) ; 

e = °> 
e" = max(l, « > 0; 

and 

but with t'/ := 0. Note again that F"(W, e, t; 1) ~ F(W, e, t; 1), because with *{,' = ^ / „_ 1 = 
0, the addition of 7 at the beginning of VF" doesn't change anything. For s e [1, 2], put 

F(^,e,t; S ) = (^ // ,e",t 3 ) 

where i? = s - 1; ff = tj' if e< = 2; and if = (2 - s)ff if = 1, % > 1. Finally, for s G [2, 3], 
put 

F(^,6,t; S ) = (^V',t 4 ) 

where tf = 1; if = if e { = 1 but % > 1; and if = (3 - s)tf if Cj = 2. Note that 
F is continuous on jV(0) x [0, 3] (it is compatible with the relations corresponding to 
ti — because we have only changed the ti by multiplying by a function of s); and that 
F(W, e, t; 3) ~ (W°, e°, i°) where 

^° = (/,0 1 ,0 2 ,...,0 n ), 
e° = (0,1,2), 

and 

*° = (!)■ 
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This gives the desired contraction in the case n = 2. 

In general, by using the same type of contraction as the F for s G [0, 1] we can contract 
J\f(4>) to the subspace consisting of those points for which t\ — 1, U\ — I and ti = 0. 
Then contract to the subspace consisting of points with e\ = 1, 4>i — I, h = 1, and U = 
for any other i with = 1. Then change this to a point with e\ = 1, u% = I, t± = 1, and 
e 2 = 2; add an identity, so that e\ — 1, 0i = I, t% — 1, e 2 = 2, </> 2 = I, t 2 = 0; then change 
to t 2 — 1 and tj = for any other tj with 6j = 2; and so on. 

From this claim, note that for any continuous category C and any functor u : jV — > C, 



there exists an extension to v : .M — » C restricting to u on M (by Proposition LI 
In particular, this solves the existence problems for degrees and 1 in the Postnikov 
induction. 

Note also that the claim gives t^qM = y. 

We now treat the case of degree 0. If C is a 0-truncated homotopy category, then the 
fiber of Hom(M,C) — > Hom(J\f,C) is weakly contractible, since n Af = tiqM. = y (see 
Corollary p7|) . 

For the case of degree 1, note that for any relative group Q — > y and any ^-torsor 
J~, the set of trivializations of J over KqN is the same as the set of trivializations over 



y, since n J\f = y. By Corollary |1.12| , for any functor V — > y where the V{4>) are 



Eilenberg-MacLane spaces of degree 1, the fiber of 

Hom y (M,V) -> Hom y {U,V) 

is weakly contractible (it is nonempty as a corollary of the claim above). 

Finally, we consider the case of a functor V — ► y whose fibers V{4>) are Eilenberg- 
MacLane spaces of degree m > 2. We would like to see that the fiber of 

Hom y (M,V) -> Hom y {U,V) 

is weakly contractible. By the criterion of Lemma |1.5| , it suffices to see that the subcomplex 
A_^(0) has the same cohomology with abelian group coefficients, as A_m(0) = N(Insy ((/))). 
For this, we may assume that <f> = (if) , <— n) where ip is a morphism in X (for otherwise 
it amounts to the same statement for a smaller n). Then 

Insy(4>) = Insx{ip) x Jns / ( n )(0 <— n). 

But lnsj(n)(0 <— n) — I^ n \ Let N 0>n denote the nerve of 1^ and for any i let 
denote the nerve of n(n;i — C I^ n \ Then 

N(Ins y (<f>)) = N{Ins x {iP)) x N, >n 
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and 

n 

AaK0) = U N{Ins x {i>)) x JVi_ M . 



8=1 



N(In8 X (iP)) x MJ^-M 



vi=l 



Notice, however, that 



induces an isomorphism on cohomology (both sides are contract ible). By the Kunneth 
formula, the inclusion Aj^(0) C Am{<P) induces an isomorphism on cohomology with 



integer coefficients, hence with any abelian group coefficients. By Lemma |1.5| , the fibers 
of 

Hom y {M,V) -> Hom y (M,V) 

are weakly contractible. 

Now if C is any continuous category, then by the Postnikov tower for C explained in 
the previous chapter, the fibers of 

Hom(M,C) -> Hom(Af,C) 

are weakly contractible. This completes the proof of the theorem. □ 

For n = 2 this theorem permits us to speak of the composition of two morphisms of 
flexible functors G\ : T° — ► T 1 and G 2 : T 1 — >• T 2 . In effect, the space of composable 
pairs F restricting to (G±, Gq) is weakly contractible, so there is not too much ambiguity 
in speaking of "the" composable pair defined by (G^G^)- For any such composable pair 
F, we obtain a morphism T° — > T 2 (from the third inclusion / — > I^), which we think 
of as "the" composition. 

More generally, the above theorem says that we obtain a "Segal category" |>4j] [28] 



72]| of flexible functors Flex(X ,Top), by setting the object-set Flex(X ,Top)o to be the 



set of flexible functors and setting 

Flex(X, Top) n/ (T°, . . . , T n ) := Hom(T°, . . . , T n ) 

(in the notation of JF^]). One expects that Flex(X, Top) is equivalent to the Segal category 
obtained by taking the nerve of Cordier's and Porter's Coh(X, Top) or Jardine's simplicial 
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category of simplicial presheaves on X. In fact, the arguments in [21], p3fl , |^q| , the present 



paper, and |7(J |4l| probably serve to prove this (but I haven't verified the details). 

In spite of the ambiguity in the actual choice of composition in the general case, there 
is a canonical choice in the case of the composition of a morphism of flexible functors 
with a morphism of functors, or vice-versa. These canonical compositions may be viewed 
as obtained by simply transporting structure of the morphism of flexible functors, by the 
morphism of functors on one side or the other. In terms of formulas, if F is a morphism 
of flexible functors and G a morphism of functors, we can set 

(FG)(<f>,e,t)=F{<f>,e,t)oG Xo 

when €q = (here Xq is the target of the first morphism <f>\ in the word <fi). Similarly, if 
F is a morphism of functors and G a morphism of flexible functors then we can set 

(FG)(cf>,e,t) = F Xn oG(<f>,e,t) 

for e n = 1, where X n is the source of the last <p n in </>. 

The following theorem is a refinement of a theorem of Vogt [78| (see also Cordier- 
Porter ]I7J for the generalization to coherent diagrams in any simplicial category) stating 
that a morphism of diagrams which is level-wise a homotopy equivalence, has an inverse. 
We prove here that a suitably defined "space of inverses" is contractible. 

One can remark that our space of inverses is somewhat similar to the space of "strong 



homotopy inverses" mentionned by Cordier- Porter in |fL7|1 , however their notion involved 
only a first-order homotopy; our strong homotopy inverses are actually coherent diagrams 
indexed by the category /, and thus include all higher-order homotopies. 
A similar later result is Theorem 2.5.1 of ||71|| . 



Theorem 2.2 Suppose T° and T 1 are flexible functors from X to C and G is a morphism 
from T° to T 1 . The space of equivalences F from T° to T 1 restricting to the morphism 
G is nonempty if and only if the morphisms G(1 X ,0 — > 1) are invertible in ttqC for all 
X e X. If the space of F is nonempty, then it is weakly contractible. 

Proof: Let y = X x I and let y± = X x / c y. Let M. be the free continuous category on 
y and let Af be the cellular subcategory defined by y± (it is the free continuous category 
on yi). The morphism G is a functor from M to C, and the space of F restricting to G 
is the fiber of Hom(A4,C) over G. 
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It is clear that if F exists then the morphisms G(lx,0 — ► 1) are invertible in ttqC. 
Conversely, if C is O-truncated and if the morphisms G(lx,0 — > 1) are invertible in ttqC, 
then there exists F : M. — > C restricting to G on M (and the space of such F is weakly 
contractible by Lemma |P| ). To see this, note that to give F is the same as to give 
7T F : y -> 7i C. Put 

a x := (l x> 0-> 1) 

and 

6 X :=(1 X ,1^0). 

A morphism in ^ is either a morphism of or else can be written as b x f where / is a 
morphism in X x {1}. If / is a morphism in 3^i, put F(f) = G(f). Our hypothesis says 
that G(ax) is invertible; note that the inverse is unique. We put F(b x f) '■= G(ax)~ 1 G(f). 
We have to check that this defines a functor. A morphism from (X, 0) to (Y, 1) may be 
written as gax] then 

F(ga x )F(b x f) = G(g)G(a x )G(a x )- l G(f) = G(gf) = F(gf) = F(ga x b x f). 

If g is a morphism from (X, 0) to (Y, 0), then we have 

a Y g = g'a x 

for g' : (X, 0) — > (Y, 0) corresponding to the same morphism in X. This gives 

gb x f = b Y g'f, 

so 

F(gbxf) = G{a Y )- l G{g'f), 

while 

G(g) = G{a Y )- l G{g')G{a x ). 

Thus 

F{g)F{b x f) = G{g)G{a x )- 1 G{f) = G(ay)- 1 G(( 7 / )G(/) = F{gb x f). 

The verifications for multiplication on the other side are similar. 

Suppose now that V — > y is a relative Eilenberg-MacLane category of degree 1, such 
that there exists a section q over Af. We claim that there exists a section p : M. — ► P. 
For each object X, choose G Vibx)- Put p(a^) = Choose paths ux 



37 



from p(lx,o) — Gx,o to p(bx)p{ax)- Then we obtain a path p(ax)ux from p(ax) to 
p(ax)p(bx)p(cLx) ■ Choose paths vx from p(lx,i) = £x,o to p(ax)p(bx) such that the 
path wxp(flx) from p(ax) to p(ax)p(&x)p(ox) is homotopic to p(a x )u X - For making this 
choice, note that multiplication by p(ax) is a homotopy equivalence from V(f) to V(axf) 
and similarly for (since Vx,i is path-connected, so multiplication by p(ax)p(bx) 

is homotopy equivalent to multiplication by p{axbx) = &x,\ and vice- versa). Now for 
morphisms / in X x {0}, put 

P(ayfb x ) := p(a Y yq(f)p(b x ) S 

for e and 5 equal to or 1. Put 

p(a e zf b Y,a Y gb x ) := 
pK)%(/,<?) * (q(f)uyq(g))}p(b x ) 5 . 

Put 

p(a%f,gb s x ) : = 

(here the * denotes composition of paths, while juxtaposition denotes composition in V). 
We have to check that a certain diagram commutes up to homotopy, in the case of three 
morphisms. We treat the case where the three morphisms are 

a e z fby, a Y gb x , a x hb 5 w . 

The other cases are similar. 

Two sides of the diagram compose as 

P(a e zfgbx,a x hb s w )* 

\p(a € z fb Y , a Y gbx)p(a x hb s w )} 
= [p(azT[q(fg,h) * (q(fg)u x q(h))]p(b w ) 5 ] 
*p(az) e [q(f,g) * (qU) u Yq(g))]p(b x )p(a x hb s w ) 
= \p(a z Y[q(fg,h) * (q(fg)u x q(h))]p(b w ) S ] 
*p( a zT[q(f,g) * (qU) u Yq{.g))}p(b x )p(a x )q{.h)p{b w ) 5 . 
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We may remove the outer p(az) e and p{pw) S from the rest of the calculation (putting 
them back in at the end), since in general 

(wyv) * (wy'v) = u{j * j')v. 

Our composition becomes 

q(fg,h) * (q(fg)u x q(h)) * [[q(f,g) * (qU') u Yq(g))]p(b x )p(a x )q(h)} 

= q(fg,h) * (q(fg)u x q(h)) * (q(f,g)p(b x )p(a x )q(h)) * (q(f)u Y q(g)p(b x )p(a x )q(h)). 
Note that the operation * is associative up to homotopy. The square 

q(f,g)u x q(h) 

is a homotopy between 

(q(fg)uxq(h)) * (q(f,g)p(b x )p(a x )q(h)) 

and 

(q(f,g)q(h)) * (q(f)q(g) u xq(h)). 

Thus we may make this replacement above. Our expression becomes 

q(fg,h) * (q(f,g)q(h)) * (qU')q(g) u xq(h)) * ( y q( y f)u Y q(g)p( y b x )p( y a x )q( y h)). 
Similarly, the square 

q(f)u Y q(g)u x q(h) 

is a homotopy between 

(q(f)q(g)u X q(h)) * (q(f)u Y q(g)p(b x )p(a x )q(h)) 

and 

(q(f)u Y q(g)q(h)) * (q(f)p(b Y )p(a Y )q(g)u x q(h)), 
and making this replacement our expression becomes 

q(fg,h) * (q(f,g)q(h)) * (q(f)u Y q(g)q(h)) * (q(f)p(b Y )p(a Y )q(g)u x q(h)). 
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Next, q(f, g, h) is a homotopy between q(fg, h) * (q(f, g)q(h)) and q(f, gh) * (q(f)q(g, h)); 
the expression becomes 

q(f,gh) * (q(f)q(g,h)) * (q(f)u Y q(g)q(h)) * (q(f)p(b Y )p(a Y )q(g)u x q(h)). 

Finally, with the homotopy given by the square 

q(f)u Y q(g,h) 

as before, and after putting in the outer elements dropped above, our expression becomes 

P(az) e [q(f,gh) * (q(f)u Y q(gh)) 

*(q(f)p(bY)p(a Y )q(g,h)) * (qU)p(p Y )p(a Y )q(g)u x q(h))]p{b w ) s 

= p(az) e [q(f,gh) * (q(f)u Y q(gh))]p(b w ) s 

*p( a zY[(q(f)p(b Y )p(a Y )q(g, h)) * (q(f)p(b Y )p(a Y )q(g)u x q(h))]p(b w ) s 

= p(a e zfbY,a Y ghb 5 w ) 

*p(a e z fb Y )p(a Y gb x , a x hb s w ), 

which is the composition of the other two sides of the diagram. Verification of the other 
diagrams is similar. 

In fact, the definition of p needs to be modified slightly, because of the condition 
= We enforce this condition by decree. We need to change the definition of 
the paths to take this into account. Paths p(u,v) where one of u or v is the identity, are 
defined as in the following example: 

p(e x ,i,a x f) := p(a x )q(l x ,f). 

Suppose / :Y — > X and g : X — > Y such that fg — e x . Then we put 

p(a x fb Y ,a Y gb x ) := v x * p(a x )[q(f, g) * (q(f)u Y q(g))]p(b x ) 

and 

P(axf,gb x ) := v x * (p(a x )q(f, g)p(b x ))- 

Finally, one should check the commutativity of the above diagram in the cases where one 
of the morphisms is the identity. These are verified as before, inserting v x or v Y where 
necessary and using the condition established at the start. 
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We treat the case where the three morphisms are 

axfby, a Y gb x , a x h, 

with fg = e x (but no other composition equal to the identity). Two sides of the diagram 
compose as 

p(e x ,i,a x h)* 

[p(a x fb Y , a Y gb x )p(a x h)} 

= (p(ax)q(e x ,h)) * [v x *p(a x )[q(f,g) * (q(f)u Y q(g))}p(b x )]p(a x h) 

= (p(ax)q(e x ,h)) * (v x p(a x )q(h)) * [p(a x )[q(f ', g) * (q(f)u Y q(g))]p(b x )p(a x )q(h)}. 

The property v x p(a x ) = p(a x )u x allows us to take the first factor of p(a x ) outside to 
give 

P(ax)[q(fg,h)) * (q(fg)u x q(h)) * (q(f, g)p(b x )p(a x )q(h)) * (q(f)u Y q(g)p(b x )p(a x )q(h))}. 

Note that we have inserted q(fg) = l x ,o and replaced e x by fg. This expression is the 
same as in the previous argument (but note that there, we had already taken the front 
p(ax) out temporarily). The rest of the calculation is the same. Note that in our example, 
no other compositions are the identity so the other composition of two sides of the square 
is the same as above. (In the case fg = e x and gh = e Y (in which case f = h\) the 
same calculation is done at the start and at the end; they meet at the same formula in 
the middle.) 

We have now verified that if there exists a section q : Af — > V then there exists a 
section p : M. — > V . The section p we have constructed does not restrict to q on M . In 
fact, we have only used the existence of q over the cellular subcategory Af' generated by 
X x {0}, and p is equal to q over Af'. 

We now show that every section over Af extends to a section over A4. For this, we use 
Lemma Let Q — > y be the relative group corresponding to V with section p. Let Q\ 
denote the restriction of Q to [Vi- We have to show that every C^-torsor J7i extends to a 
C/-torsor J over X . Suppose J\ — > is a ^i-torsor. For each X 6 X, choose an element 
«i G J\(a x ). Put J{u) = Ji(u) for morphisms u in For a morphism fb x in y (with 
/:(X,0)->(r,0)),put 

Ji(f) = J(fb X ) 
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with this isomorphism written as j h- > Introduce the convention atxfix = ex,i and 

Px®x = ex,o- The action of G(fbx) given as follows. An element of G(fbx) can be 
written uniquely as ulf, x for u G £(/), where lb x is the identity of Gipx)- Then put 

(mUJ * UPx) ■= (u*j)p x - 
Define the horizontal compositions as follows: 

k(jPx) := (kj)Px 
for k G JM with g : (Y, 0) -> (Z, 0); 

(<x z k)(JPx):=l 
for the element / : (X, 1) — > (Z, 1) in such that 

la x = azkj 

(note that composition with ax gives an isomorphism 

Ho mjl ((X, 1), (Z, 1)) = Ho mjl ((X, 0), (Z, 1)) 

because if uo is an element on the left, then an arbitrary element on the right can be 
written uniquely as 

(wl ax ) * (u a x ) 
for wl ax G G, and this in turn is equal to (w * Uo)ax)] 

UPx)(a x k) := jk 
for k : (W, 0) -> (X, 0) in Ji; and finally 

(j(3x)(axkf3 w ) ■= jk, 

noting that any morphism (W, 1) — > (X, 1) in jTi can be written as axkfiw by an argument 
similar to that parenthetized above. The composition defined in this way is associative 
and compatible with the action of G, so we obtain a ^-torsor J restricting to J\. This 
translates to the statement that any section q over Af extends to a section p over M.. To 
show that the path component containing p is uniquely determined by the path component 
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containing q, and that the fundamental groups of these path components are isomorphic, 
we have to show that for a ^-torsors J over y, the set of sections t of J over y is the 
same as the set of sections t\ over (then see a previous argument of changing points of 
view, to see that the set of isomorphisms between two torsors is the same over y and 3^i)- 
Fix a section t\ over y±; we have to show that there exists a unique section t restricting 
to t\. The uniqueness follows from the fact that any morphism in y (but not in 3^i) can 
be written as fbx\ if t is a section restricting to t 1 on 34 then 

t(fb x )=t(f)t(b x ); 

but t(ax)t(b x ) = ex,i and this uniquely determines t(bx)', another would be of the form 
u * t{px) for u G G(bx), and then 

e x l = t(a x )(u * t(b x )) = (l ax u) * (t(a x )t(b x )) = l ax u 

so lb x = lb x l ax u = u. Similarly, for existence of t we define t{bx) to be the unique 
element such that t(ax)t{bx) = ex,i, and we put 

t(fbx) -.^UfXbx). 

This is a section — the formulas can be verified by using formulas for ti, and the fact that 
certain formulas have unique solutions in J . 

We have now completed the treatment of the degree 1 case: the morphism 

Hom y {M,V) -> Hom y {U,V) 

is a weak equivalence, so its fibers are nonempty and weakly contractible. 

We turn to the criterion established in Lemma [T7| for degree m > 2. We need to show 
that for any morphism (f) in y, the inclusion 

induces an isomorphism on cohomology. But A_a^(0) is the nerve of the category of objects 
inside (p. If we write <fi = (ip, c) for ip a morphism in X and c a morphism in /, then Insy(<p) 
is homotopic to Insx{ip) (it is the product of this with the nerve of Insj(c) = I which 
is contractible). On the other hand, Aj^(4>) is the nerve of the category Insy x /y{4>) of 
objects of which are 3^-inside 0. This category splits as a product 

Insy l/y (4>) = Ins x (i/j) x Ins I/7 (c). 
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The nerve is therefore the product of nerves. Since there is exactly one morphism in / 
between any two objects, 

Ins I/7 (c) = I 

and its nerve is contractible. Thus Ajv(0) is also homotopic to Insxi^ 1 )- The inclusion is 
compatible with these homotopies, so it is a homotopy equivalence. By Lemma |1.5| , the 
maps 

Hom y (M,V) -> Hom y (Af,V) 

are weak equivalences for any relative Eilenberg-MacLane category V — » X of degree 
m > 2. By Postnikov induction, for any continuous category C, the fiber of 

Hom y {M,C) -> Hom y (M,C) 

over an element F as in the theorem, is nonempty and weakly contractible. This completes 
the proof of the theorem. □ 
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3. A canonical homotopy equivalence 



In this section we show how to "strictify" a flexible functor. The first result of this 
type was the strictification result for fibered categories in SGA 1 |35| : any fibered category 
can be replaced by an equivalent split one. This result essentially concerns homotopy- 
coherent diagrams of K(tt, 1)'s. The next occurrence of such a result was in Segal's paper 
|64| where it is mentionned very rapidly in an appendix. While this is not altogether 



evident, Segal's method is actually the same as the method of SGA 1 (and it is this 
method which we shall present below). The next occurrence in the literature is the result 
of Dwyer-Kan, in the context of their "free simplicial category" approach to the notion 
of homotopy coherence |27|. As noted above, Cordier has shown that the Dwyer-Kan 
approach to homotopy-coherence is the same as the Segal-Leitch-Vogt approach |l4j . 



so in a certain sense Segal's result subsumes that of Dwyer-Kan. See also Cordier-Porter 
1 171 where Segal's strictification result is taken up with more details. 

Our treatment, which is based on the idea of SGA 1, is of course the same as these 
previous ones (so there is nothing new in the present section). Nonetheless, it will be 
helpful to treat explicitly the necessary homotopy equivalences involved. 

Suppose X is a category and T : X — > Top is a flexible functor. We will define a 
flexible functor K'T : X — > Top which is in fact a functor. 

For each object X 6 X, let (X/X)* denote the category obtained by adding an initial 
object denoted * to X/X. Define (K'T)x to be the space of contravariant flexible functors 
P : (X/X)* — > Top such that P\x = T and P\{*} = * is the unique flexible functor with 
values in the subcategory of Top consisting of the space with a single point (choose one 
such space once and for all!). More concretely, (K'T) X is the space of ways of specifying 
a function 

P((pi, ...,<f) k ;t ,..., t k -i) e T Xk 

for a composable sequence <p in X/X, satisfying: the usual relations for U = (for t = 
we drop off 0i — note that there is really another morphism, the morphism to the initial 
object, which should be considered as at the beginning of the word <p); and the relation 
of composition for t j = 1 but where the composition is of the map T(<f>",t") applied to 
the point P(<p',t') (here <f)',t' are the parts before the t« = 1 and 4>" ,t" the parts after). 

We will now define a homotopy equivalence M between K'T and T. 

First, some notation for homotopy equivalences. Recall that a homotopy equivalence 
between S and T is a flexible functor M : I x X — > Top, whose restrictions to {0} x X 
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and {lJxA 1 are S and T, respectively. We write this out more explicitly. A composable 
sequence of maps in / x X consists of a composable sequence 0i, . . . , <p n in X, together 
with a specification for each of either or 1. We make this specification with a 
supplementary list ei,...,e„_i with q = or 1, as well as the specification of e and 
e n (also equal to or 1). If q = 0, it means that the object is specified to go with 
Xi, whereas if = 1 it means that object 1 is specified to go with JQ. A homotopy 
equivalence M then consists of the specification of 

M eo ' e "(0 1? . . . , <p n - ei, . . . , e n _i)(fi, . . . , t n _i) 

where 



and 



M o,o . 


: Sx - 




M ' 1 : 


: S Xo - 






'■ Tx - 




M 1 ' 1 


: T Xo - 





This is subject to the following conditions. First of all, if e = . . . = e n — then M agrees 
with S, and if e = . . . = e n = 1 then M agrees with T. If tj = then 

M e °' e "(0i, . . . , n ; ei, . . . , e n _i)(ti, . . . , t n -i) 

= M e °' e ™(0 1 , . . . , . . . , n ; ei, . . . , 6j, . . . , e„_i)(ti, . . . , tj, . . . , t n _i). 

And if tj = 1 then 

M e °' en (0i, . . . , 0„; ei, . . . , e n _i)(*i, . . . , t n _i) 

= M €t,€ "((pi + i, . . . , n ; ej+i, . . . , e„_i)(tj + i, . . . , t n -\) 

oM eo ^(0 1? . . . , fa ei, . . . , ej_i)(ti, . . . , tj_i). 

Now we would like to define a homotopy equivalence between K'T and T. Note that an 
element of K'T Xn consists of a function P(£ , £i, • • • , • • • > satisfying the usual 

properties with respect to T, where the arguments £j : Yj — > Yj_i form a composable 
sequence in X and £o : Yo - ► X n (thus, £o gives £i,...,£fc a structure of composable 
sequence in X/X n ). Note that 

K'Tfa, . . . , 0„)(ti, . . . , i n _i)(P)(f , • • • ■ ■ ■ , s k ) 
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:= P(0i • • • 0„£ o , fi, • • • , €k)(si, ■ ■ ■ , s fc ). 

We define our homotopy equivalence M as follows, with P denoting a point of K'Tx and p 
denoting a point of Tx ■ 

M°'°{(f>i, ...,4> n ; ei, • • • , e„_i)(ti, . . • , t n _i)(P)(Co, • • • , &)( a i> • • • , s k) 

:= P((f>i, . . ■ ,<f>n-l,<f>n€o,£l, ■ ■ • ,£fc)(ei*l, • • • ,en-l*n-l,Sl, . . . ,S k ). 

M ' 1 ^, . . . , cj) n - ei, . . . , e„_i)(ti, . . . , t„_i)(P) 
:= P(0i, . . . , (f> n -i, <Pn){^ih, • • • , e„_it n _i). 
M 1,o (0i, ...,(/>„; ei, ... , e n _i)(ti, . . . , i n -i)(p)(£o, • • • , £fc)0i> ■ ■ ■ » s k) 

■= T((f>i, <f>n-l,<Pn€o, £l, • • • , £fc)( e l*li ■ • • , e„_it n _i, Si, . . . , Sfc)(p). 

M 1 ' 1 ^!, ...,(f> n ; ei, ... , e n _i)(ti, . . . , t„_i)(p) 
:= T(^>1, . . . , n -l, 0n)(ei*l, • • • , e„_it n -i)(p). 

We have to check the properties of the points in P'T resulting from M, in the first and third 
cases; and in all cases we have to check the properties of M. Note that the required properties 
for Si = or for t{ = are easily verified by looking at the formulas (note that with our new 
notation for P, the relationship between the places of the <pi and the ti is the same as for T, M, 
etc.). The required properties for Sj = 1 are similarly easily verified. 
The case of M°'° , with ti = 1 one? ej = 0: In this case we have 

M°'°(4>i, ...,4> n ; ei, ... , e n _i)(ti, . . . , * n -i)(P)(£o, ■ ■ ■ ,&)0»i> • • • , s k ) 

= P(4>1, ■ ■ ■ , 4>n-l, 4>n£,0,t.l, ■ ■ ■ ,6c)( e l*l; • • • > Cn-ltn-1, Si,..., S k ) 
= P((f>l, ■ ■ ■ , (f>i-l,(/>i<f>i+l, ■ ■ ■ , 4>n-l, 0n£oj£l> • • • >6c)( e l*l> • • • i e iti, ■■■ , ^n-ltn-1, Si,..., Sk). 

On the other hand, 

n ; • • • j £n-i)(U+i, ■ ■ ■ , tn-i) 

oM°>°(0i, . . . , ei, . . . , ei_i)(ti, . . . , i;_i)(P)(£ , ■ ■ ■ , • • • , s fc ) 

= M°' o (0j + i, ... ,<f> n ; €i + i, . . . , e n _i)(tj + i, . . . , t n -i) 
(M°'°(<£i, . . . , (t>i- ei, . . . , ei_i)(ti, . . . , ^_i)(P))(£ , , s fe ) 

= M°'°(0i, . . . , ei, . . . , ei_i)(ti, . . . , ^-i)(P) 

(</>*+! j ■ ■ ■ j 4>n-l,4>nio, Cl) ■ ■ ■ ) Cfc)( e i+1^+1) ■ • • > £n-l^n-l, ^i, . . . , Sfc) 
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= P{4>1, ■ ■ ■ ,0i-l, 0i0i+l, ■ ■ ■ ,0n-l,0n£o,£l, ■ ••,&) 
(eiti, . . . , ej-itj-i, ej+itj+i, . . . , e n -\t n -i, s±, ... ,Sk) 

= P{<f>l, • • • ,0i-l,0i0i+l> • • ■ ,0n-l,0n£o,£l, ■•• ,60 

(eiii, . . . , 6jtj, . . . , e n —it ri —i, s±, . . . , s/c) 

as desired. 

TTte case of M°<° , with U = 1 and e$ = 1: In this case we have 

M°'°(4>i, ...An, ei, ... , e„_i)(ti, . . . , t„_i)(P)(^ , • • • , Cfc)(si, • • • , s k) 

= P(4>1, ■ ■ ■ , 0n-l, 4>n£,0, £l, • • ■ >£fc)( e l*l) • • • > en-l*n-li Si, ... , Sfc) 
= T((j) i+1 , . . . , (f> n -l, n £o, £l, • • • , Cfe)( e «+1*«+1) • • • > e n-lt n -l, Si,..., Sfc) 

(P(0i, . . . , 0i)(eiti, . . . , ei_itj_i)). 

On the other hand, 

^ 1,0 (^j+i) ■ ■ ■ > 0n! • • • , e n _i)(tj + i, . . . , t n -i) 

OM ' 1 ^!, Ci_i)(ti, • • • , ti_i) 

(-P)(?0,---,Cfc)(si,...,Sfc) 

= M 1,o (0j+i, . . . ,4> n ; ei+i, . . . , e n _i)(ti+i, . . . , t n -i) 

(M ' 1 (</>i, . . . , fa; € ± , . . . , ei_i)(ti, . . . , *i_i)(P))(^ , ...,&)(*!,... , Sfc) 
= T((f) i+1 , . . . , 4> n -l, 4> n £,0, Cl) • • • ) Cfe)( e «+l*i+l) • • • > e n-l*n-l, Si, ... , Sfc) 

(M°' 1 (<^i, . . . , 0,; ei, . . . , ei_i)(ti, . . . , U-i)(P)) 

= T(<f) i+1 , . . . , n -l, 0n£(), £l> • • • > Cfe)( e «+l*i+l) • • • > e n-l*n-l, Si, ... , Sfe) 

(P(0i, . . . , 0j)(eiti, . . . , ei_iti_i)) 

as desired. 

TTte case of M 0,1 , with U = I and = 0: In this case we have 

M ' 1 ^, . . . , n ; ei, . . . , e„_i)(ti, . . . , i„_i)(P) 

= P(01, ■ ■ ■ , 0n-l, 0n)( e l*li ■ • • > Cn-l*fi-l) 

= P(0i, • • • , 0i0i+i, ■ • • , 071-1, 0n)(ei£i, • • • , ejtj, • • • , e n _it n _i). 
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On the other hand, 

M (<j)i+i, ...,(f> n ; 

^i+1 , • • • j ^n— l)(*i+l> • • • ,*n-l) 

oM°'°(^i, . . . , fa; ei, . . . , e;_i)(ii, . . . , *i_i)(P) 
= M o,1 (0j + i, . . . , n ; ej+i, . . . , e n _i)(tj+i, . . . , t n -i) 
(M°>° (</>!,..., <fo d,..., ei _i)(ti,...,ti_i)(P)) 
= M°'°(0i, . . . , ei, . . . , ei_i)(ti, . . . , i*-i)(P) 
(0i+l, • • • > 0n-l, 0n)(ei+lii+l, • • • , 6 n _it n _i) 
= P(01, ■ ■ ■ , 0i-l, 0i0i+l, <f>n-l,<f>n) 

(eiti, . . . , Ei-iU-i, ej+itj+i, . . . , e n _it n _i) 

= P(01, • • • , 0i-l, 0i0i+l, • • • , n— 1, 0n)( e l^l, • • • , Cjfj, • • • , £n— l*n-l) 

as desired. 

XTie case of M 0,1 , with U = 1 and = 1: In this case we have 

M ' 1 ^!, . . . , n ; ei, . . . , e n _i)(ii, . . . , i n -i)(P) 
= P(0i, (f>n)(£ih, • • • , e n -it n -i) 

= T(4> i+ i, . . . , 4>n-l, <t>n){ti+lU+l, ■ ■ ■ , £n-l*n-l) 

(P(0i, . . . , ^i)( e i £ i, • • • , ei-itj-i))- 

On the other hand, 

(0i+i, ■ ■ ■ , n j £j+l , • • • , €n— l)(*i+l, • • • ,*n-l) 
OM°' 1 (0 1 , . . . , i; €!,... , ei_i)(ti, . . . , ti-l)(P) 

= M 1,:L (0j + i, . . . , n ; ej+i, . . . , e n _i)(tj + i, . . . , t n _i) 
(M°' 1 (0 1 , ei, ... , ei_i)(ti, • • • , ti-i)(P)) 

= T(4>i + i, . . . , n )(ej + itj + i, . . . , e n _it n _i) 
(M°' 1 (0 1 , ei, ... , ei-iJCti, • • • , ti-i)(P)) 

= 7 1 (0i+l, • • • , 0n)( e «+l^+l, • • • , e n-l*n-l) 
(P(01, • • • , 0i)( £ l*l, • • • , ^i-lU-l)) 



as desired. 

The case of M 1,0 , with U = 1 and ti = 0: In this case we have 

M 1 '°(0i, . . . , <j) n ; ei, . . . , e n _i)(ti, . . . , £ n -i)(p)(£o, • • • , 6c)(si, ■ ■ ■ , s k ) 

= T((j)i, (f>n-l,<f>n£o, £l, • ■ • , £fc)( e l*li ■ • • ) Si, . . . , Sfc)(p) 

= ^(^i, . . . , 0i0i+i, . . • , </>n-i, </>nCo, Ci. ■ ■ ■ j Cfe)(ei*i) • • • , eA> ■ ■ ■ , e n -it n -i,si, s k )(p). 
On the other hand, 

M (4>i+i, ■ ■ ■ ,4> n ] l)(*i+l> • • • ,*n-l) 

oM 1,0 (^i,.. . ,0i;ei, . . . ,ei_i)(ii, . . . , <i-i)(p)(£o, • • • • ••,«*;) 

= M 0,0 (<f>i+i, ... ,<f> n ; ei+i, . . . , e n -i){U+i, ■ ■ ■ , tn-i) 
(M 1 ' (</»i, . . . ,4>i;ei, . . . ,ej_i)(ti,. . . ,ti-i)(p))(Co, • • ■ ,£k)(si, ...,s k ) 
= M 1,0 ((f>i, . . . , fa ei, . . . , e;_i)(ii, . . . , ti_i)(p) 

■ ■ ■ j </>ra£oj Cl) ■ ■ ■ > Cfc)( e i+l*i+li ■ ■ ■ > ^n-ltn-1, Si, . . . , Sfc) 

= ^(01, • • • , (f>i<f>i+l, ■■■ , 4>n-l, 4>n£o, Cl> • • • > Cfe) 

(eiii, . . . , ej_iti_i, e i+ itj + i, . . . , e n _ii n _i, si, . . . , s&)(p) 

= ^(01, . . . , (t>i-!,(f)i4>i + i, <f> n -l,<l>n€o, £l, • • • > 60 

(eiti, . . . , £jtj, . . . , e n _ it n _i,si, . . . ,s fc )(p) 

as desired. 

XTie case of M 1,0 , with ti = 1 and = 1: In this case we have 

M 1,0 (</>i, . . . ,0„;ei, . . . ,e„_i)(ti,. . . ,t n -i)(p)(Co, • • • ,6)(si, ■•• ,s*0 
= r(^>i, . . . ,</> n _i,0 n £ o ,£i, • • ■ ,6)(ei*i, • • ■ ,e n -i*n-i,si, • • • ,Sk)(p) 

= T((j) i+1 , • • • > 0n-li 4>n£,0, Cli • • • > 6)( e j+l*i+l> • • • > e n-ltn-l, Si, ... , Sfc) 

(T(^i, . . . , 0j)(eiii, . . . , ej_iti_i)(p)). 

On the other hand, 

M 1,0 ((f>i+i, ... ,<f> n ; €i+i, . . . , e n _i)(tj + i, . . . , t n _i) 
oM 1 ' 1 ^!,.. . ,<fo;ei, . . . ,ej_i)(ti, . . . , ti-i)(p)(£o, • • ■ ,6)(si, ••• > s *0 

50 



= M ' (<f>i+i, ...,<p n ; €i+i, . . . , e n _i)(tj + i, . . . , t n -i) 
(M 1 - 1 ^!, . . . ,0i;ei, . . . ,ei_i)(ti, . . . , *i-i)(p))(£o, • • ■ ,Cfe)(si, • • • ,-Sfc) 

= T((j) i+ i, . . . , 4> n -l, 4> n £,Q,£l, ■ ■ ■ , Cfe)( e i+l*i+l> • • • > e n-lin-l> Si, ... , Sfc) 

(M 1 - 1 ^, . . . , ei, . . . , ei_i)(ii, . . . , *i_i)(p)) 
= T((() i+ i, . . . , (f> n -i, ■ ■ ■ ,6c)( e i+l*i+l> • • • > £n-ltn-l, Si, ... , Sfc) 

(T(0i, . . . , 0j)(eiii, . . . , ej_iti_i)(p)) 

as desired. 

The case of M 1,1 , with U = l and ej = 0: In this case we have 

M 1 ' 1 (4> 1 , . . . , <f) n ; ei, . . . , e„_i)(£i, . . . , i n -i)(p) 

= T((f>i, ... , 4> n -i, 0n)(ei*i, • • • , e n _it n _i)(p) 
= ^(01, . . . , (f>i-i,(f>i(t>i + i, ... , 4>n-i, 4>n)(eiti, ... , eiU, e n -it n -i)(p). 
On the other hand, 

1 ) • • • j tn—1 ) 

oM 1 ' ^, . . . , <fc ei, . . . , ei_i)(ti, . . . , ti-i)(p) 
= M o,1 (0j + i, . . . ,4> n ; €i+i, . . . , e n _i)(tj + i, . . . , t n _i) 
(M 1 '°(<^i, . . . , ei, . . . , ei _i)(ii, . . . , *i_i)(p)) 
= M 1 '°(<^i, . . . , fa ei, . . . , ei_i)(ii, . . . , *i_i)(p) 

• • • j <f>n-l, <t>n)(ti+ • • • j fn-l^n-l) 
= ^(^l, • • • , • • • , <t>n-lAn) 

(eiti, . . . , ei-iU-i, ei+iU+i, . . . , e n _it n _i)(p) 

= r (^l, • • • , • • • , (t>n-l,<t>n) 

{e.\t\, . . . , £jtj, . . . , £n— 

as desired. 

27ie case of M 1,1 , with U = 1 and e$ = 1: In this case we have 

M ' 1 ^, ei, ... , e n _i)(ii, . . . , t n _i)(p) 

= T(4>i, n )(eiti, . . . , e n _it„_i)(p) 
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— T{(f)i + i, . . . , <j) n -i, (f> n )(^i+lU+lj • • • j Cn-ltn-l) 

(T{4>i, 0j)(eiti, . . . , ei_iti_i)(p)). 

On the other hand, 

^ 1 ' 1 ( ( / > j+l) ■ ■ ■ ,4>n', • • • , e n _i)(tj + i, . . . , tn_l) 

oM 1 ' 1 ^, . . . , i; ei, . . . , . . . , ti_i)(p) 

= M 1,1 {4> i+ i, ... ,<f> n ; €i+i, . . . , e n -i)(t i+ i, . . . , t n _i) 
(M 1 ' 1 ^!, . . . , ei, . . . , ei_i)(ti, . . . , U-i)(p)) 

= T{<j) i+ i, ■ ■ ■ , 4>n)(^i+lti+l, ■ ■ ■ , Cn-l*n-l) 

(M 1 - 1 ^!, . . . , ei, . . . , ei_i)(ti, . . . , ti-i)(p)) 
= T(4> i+ i, . . . , 4> n )(ei + it i+ i, . . . , e n _ii n _i) 
(T(</»i, . . . , ^i)(eiti, . . . , ei_iti_i)(p)) 

as desired. 

Finally we have to check that M restricts to K'T and T. At e = we have 
M°'°(0i, . . . , 0„; 0, . . . ,0)(ti, . . . , t n _i(P)(£ , • • • ...,8 k ) 

= P{<t>U ■ ■ ■ ,</>n£o, • • ■ ,£fc)(0, ■ ■ ■ ,0,Si,... ,S fc ) 
= P(>1 • • • 0„^ O , • • ■ ,£k)(si, ■ ■ ■ ,Sk) 

= K'Tfa, <f> n )(h, . . . , t n _i)(P)(£ , • • • ...,s k ) 
as required. At e = 1 we have 

M 1,1 ^!, ...,(/»„; 1, ... , l)(<i, • • • ,t n -i)(p) 

= T(cf> 1 ,...,<f> n )(t 1 ,...,t n - 1 )(p) 

as required. 

This completes the verification that M provides a homotopy equivalence between K'T 
and T. We obtain the conclusion that every flexible functor is homotopy equivalent to a 
functor. 

Equivalence between K'{G*T) and G*{K'T) 
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Suppose G : y — > X is a functor, and T : — > Top is a flexible functor. We obtain 
two functors, K'(G*T) and G*(K'T), from ^ to Top. We would like to see that they are 
equivalent, together with their natural morphisms from T. 

There is a natural morphism of functors * : G*(K'T) -> K'(G*T) defined by 

tt S (P)(£ ,...,£n)(si,...,S n ) 

:=P(G(&),...,G(&))(* 1 ,...,* n ) 

for 5 G C, P G K'Tg(s)-, £o : ~~ ^ ^ an d : ^ ~~ ^-1 a composable sequence in [V 
(giving G(£o) : G(Yo) ~~ * G(S), and G(^) : G(Yi) — > G(Yi_i) a composable sequence in 
A'). This gives a morphism of flexible functors in a trivial way. We have equivalences 
M between K'{G*T) and G*T, and G*iV between G*(K'T) and G*T. We would like to 
define a flexible functor E : C x I u +_ v x J a ^ 5 — > Top such that S a is the identity of G*T, 
and E b is the morphism \l> defined above; and E u is the homotopy equivalence G*N, while 
E v is the homotopy equivalence M. 
Define maps 

where <f> — <f>i, . . . , n , e' = ei, . . . , e n _i, S' — Si, ... , <5 n _i and t = t\, . . . , £„_i. The indices 
6j and Si indicate the functor as follows: 

e = 0, 5 = : G*(K'T) 

e = 0, 5 = 1 : K'(G*T) 
e = 1, 5 = : G*T 
e = 1, 5 = 1 : G"*T. 

There is the constraint on 5 that 5j > (in other words, 5 consists of a string of 0's 
followed by a string of l's). In particular, there is no map of the form S^, 6 ™. 

In defining the maps S, use the same formulas as above, but noting that the arguments 
are a composable sequence in y-, apply G if necessary to obtain a composable sequence in 
X. In the case of morphisms finishing at G*(K'T), there are some arguments consisting of 
a composable sequence in X . In this case, the condition on S implies that the input cannot 
consist of a point P G K'(G*T)x — which would take as argument only a composable 
sequence in y. The definitions and verifications otherwise follow the same pattern as for 
M defined above. 
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Thus the natural morphism S is equivalent to the identity morphism via the equiva- 
lences M and G*N. 

Remark: The identity morphism / : T — > T is defined by 

7 eo ' e "(0 1 , . . . , n ; ei, . . . , e„_i)(ti, . . . , t n -i) 

■= T (fa, . . . ,0„)(ti, • • • ,t„_i). 

Philosophical remarks 

The results of this section show that, in a certain sense, it wasn't necessary to consider 
flexible functors, since a flexible functor can always be replaced by an equivalent functor. 
However, the notion of flexible functor was used in defining the notion of morphism of 
flexible functors. For two given functors, the space of morphisms of functors will probably 
not be the same as the space of morphisms of flexible functors — it seems clear that the 
latter is the right choice. We could, of course, say that we will only look at functors, but 
look at morphisms between them which are morphisms of flexible functors. By the results 
of this section, this will give an equivalent theory. In fact, we often need to use the fact 
that a flexible functor can be replaced by a functor, in the arguments to follow. 

The best justification for introducing the notion of flexible functor is that it leads 
the way in finding out the right properties, definitions, and arguments: for example, the 
notion of morphism of flexible functor is the obvious one which goes with the notion of 
flexible functor, but it would not necessarily have been obvious if we started out looking 
only at functors. 



54 



4. Descent conditions and sheaves 



In this section we give a treatment of descent and "higher sheaves" which is alternative 
to the closed-model-category treatment started by K. Brown [|l(J an mostly due to Joyal 
RJ , Jardine [ |5 1 |46[] , and Thomason [7B | . The end result is basically the same as in those 
references. 

oo -truncation 

Recall that : Top — > Top denotes the functor sending a topological space A to the 
realization of the simplicial set of singular simplices of A. There is a natural morphism 
t^A — > A, inducing an isomorphism on homotopy groups (in other words, a weak equiv- 
alence). Recall also that is compatible with products (since the realization of the 
product of two simplicial sets is the product of the realizations). 

If T is a functor from X to Top then we obtain a functor r^T. By the results of the 
previous section, we can replace a flexible functor T by the functor KT and then take 

TooKT. 

We often use a subscript oo to denote the result of applying the construction t^. For 
example, 

M 0roc (S,T) := T oc Mor{S ) T). 

The interest of this construction is that if A is a topological space, then t^A provides 
a CW-complex with the same weak homotopy type as A, in a canonical way. 

Global sections 

Let X* denote the category obtained by adding an initial object denoted * to X . Sup- 
pose T : X — > Top is a contravariant flexible functor (we sometimes call this a flexible 
presheaf). We define a first version of the space of global sections T'(X, T) to be the space 
of contravariant flexible functors T' : X* — > Top such that T'\x = T and = * is the 

unique flexible functor with values in the subcategory of Top consisting of the space with 
a single point. 

Put T' 00 (X,T):=T 00 T / {X 1 T i ). 

This space is the "homotopy-limit" or holim p] J78] |79] of the homotopy-coherent 
diagram T. 
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Let *x denote the unique flexible functor from X into the subcategory of Top consisting 
of the space with a single point. There is a functor p : X x I — > X* sending X x {0} 
isomorphically to X and X x {1} to *. If rj E T'(X,T) then p*rj is a morphism of flexible 
functors from * x to T. 

Lemma 4.1 T/ie map r\ \— > p*r? induces a weak equivalence 

p*:r'(X,T)^Mor(* x ,T) 

to the space of morphisms of flexible functors from * x to T. In particular, it induces an 
equivalence r' OC) (A',T) — > Moroo(*^,T). 

Proof: Let ^ denote the category ^ x / U {e} where e is a final object with no morphisms 
to other objects. Let X and X\ denote the two subcategories of X x I isomorphic to X, 
and let X' = X U {e} and X" = X x U {e}. Note that A" = X" = X U {e}. Let 

Flex R (y',Top) 

denote the space of flexible functors from a subcategory y' C y satisfying the following 
restrictions: that on y' fl X 1: it should be equal to T; and that elsewhere it should be 
equal to *. We consider the following maps 

Flex R (X",Top) 4- Flex R (y,Top) 4 Flex R (X x I, Top). 

We will show that they are weak equivalences. The pullback via the morphism y — > X" 
which sends X' to e, is a half-inverse to A, so if we show that A is a weak equivalence 
then this pullback will be too; and the morphism in question is the composition of B with 
this pullback. Thus this will complete the proof. 

We treat the map A first. Suppose that F" G Flex R (X", Top). We would like to show 
that the space of elements in Flex R (y,Top) restricting to F" is weakly contractible. Let 
y° denote the subcategory of y which has the same objects, but whose set of morphisms is 
the union of the sets of morphisms of X' and X" . We have a flexible functor F° : y° — > Top 
given by F" on X" and * on X', and we are looking at the space of flexible functors 
F : y — * Top restricting to F°. For this we apply the theory developed in Section 1. We 
treat the case n > 2 first. Let A denote the presheaves on Fl(y) which was called ZA 
in Section 1, and let A° denote the analogously defined complex of presheaves on Fl(y°). 
Let p : Fl(y) — > Fl(y°) denote the natural morphism. Let G denote the presheaf of 
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groups on Fl(y) which arises in the problem. Due to the fact that our topological spaces 
are points over X', the presheaf G has the following property. Let s : Fl(y) — > y denote 
the functor taking an arrow to its source. There is a presheaf of groups H on y and a 
morphism s*H — > G such that the kernel and cokernel are supported on the category 
Fl(Xi). Furthermore, H is supported on X 1 (i.e. its value is the trivial group on all other 
objects). 

We have to show that the morphism 

Hom{A, G) -> Hom(A°,p*G) 

is a quasi-isomorphism. Note that the complexes A and A° are already complexes of 
acyclic objects, so these Horns are also RHoms. If / is a functor from a category A to 
another category B then there is a functor /j from presheaves (of abelian groups) on A 
to presheaves on B defined by 

fM{x) = e^inj^g) 

where ~ is the equivalence relation generated by the condition that my/ (corresponding to 
X — > f(Y')) is equivalent to its restriction from f(Y') to f(Y), for X — > /(F), whenever 
there is a morphism Y — > V. This is an adjoint to the pullback: 

Hom B (frM, N) = Hom A (M, f*N). 

Now back to our proof. Let C be the cone on the map p^A° — > A and let D be the cone 
on the map s*H — > G. To prove the desired quasiisomorphism, it suffices to show that 
Hom(C, D) and Hom(C, s*H) have vanishing cohomology (this implies that Hom(C, G) 
does, giving the desired quasiisomorphism). We treat Hom(C, D) first. Since C is a 
complex of i/om-acyclic objects, the functor Hom(C, •) is exact. Thus it suffices to prove 
that Hom(C, Kj) has vanishing cohomology for Ki equal to the cohomology presheaves 
of D (that is, the kernel and cokernel of s*H — > G). These are supported on Fl(X{). Let 
q : Fl(Xi) — > Fl(y) be the inclusion. For any pair of presheaves J, K on Fl(y) such that 
K is supported on Fl(Xi), one can check that 

Hom(J, K) = Hom(q*J, q*K). 

A similar statement holds with y replaced by y° (and denoting the corresponding map 
by q ). To get the acyclicity of Hom(C, Kj) it suffices to show that 

Hom(A, -> Hom(A°,p*K i ) 
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is a quasiisomorphism. For this, we apply the above criterion. Since q^p*Ki = q*K{, it 
suffices to show that 

Hom(q*A,q*K t ) -> Hom(q*A°, q*K,j) 

is a quasiisomorphism, and for this it suffices to show that q*A° — > q*A is aquasiisomor- 
phism of complexes of presheaves on Fl(Xi). In other words, we have to show that if 
u G Fl{X\) then A°(u) — > A(u) is a quasiisomorphism. But the first is the total complex 
of the nerve of the category of objects of y° inside u, while the second is the total com- 
plex of the nerve of the category of objects of y inside u. These categories are the same, 
since any factorization of u in y is in fact a factorization in y° (once a morphism goes 
out of X\ it can't get back in). This completes the proof that Hom(C,D) has vanishing 
cohomology. 

Now we treat Hom(C, s*H). For this it suffices to show that 

Hom(s^A, H) -> Hom^A , H) 
is a quasiisomorphism, where s° : Fl(y°) — > y is the natural source map. Use the formula 

(<pi,...,¥> fc ) 

where (</?i, . . . , is a composable sequence and 

is the inclusion of a one point category sending it to the composed morphism (pi - ■ • <fk- 
There is a similar formula for A°. From these and the compatibility of the operation lower- 
dagger with composition (following from the adjoint property and this compatibility for 
pullbacks), we find that (s^A)(X) is the total complex of the nerve of the category of 
objects in y below X, while (s°A°)(X) is the total complex of the nerve of the category of 
objects of y° which are below X in the category y . These two nerves are both contractible, 
because y has a final object shared with 3^° (giving a final object of the two categories 
of objects below X). Thus the morphism between the complexes is a quasiisomorphism. 
This completes the proof that Hom(C, s*H) has vanishing cohomology, so this completes 
the verification of the desired quasiisomorphism for the morphism A in the case n > 2. 

The case n = is easy and is left to the reader. For the case of n = 1, the first 
question is from extendability of the section of a relative category V — > y, from y° to y. 
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This works because any V which can arise is a pullback of one over X" ', by the projection 
y — > A"'. Any section over y o will also be a pullback, so just extend it to the pullback 
section over y. Now suppose we have a relative group Q — > [V. Note that n (Af) = y° in 
this case, since A/" is generated by the subcategory The path components of the space 
of sections of the corresponding V are parametrized by pairs (J , i) where J is a ^-torsor 
over y and t is a trivialization over y°. But the trivialization of J over A"' already gives 
an element of J ((f)) for each arrow going from X" to (note that G(ip) has only one 
element if -0 is an arrow in X', so J(ip) also has only one element, and composition with 
this element gives an isomorphism between J7"(0) and J~(ip4>) — thus the J~(4>) depend only 
on the source of if has target in X'). These arrows are the only ones which need to 
be added to y° to get y, so this gives a trivialization of J over y . Thus there is only 
one path component (corresponding to the trivial torsor). The fundamental group is the 
space of sections of Q which are trivial on y° . By the same consideration as above, it is 
easy to see that any such section must be trivial. Thus the fundamental group of our path 
component is trivial (and it is 1-truncated in any case), so the space of sections is weakly 
contractible. This completes the case n — 1 and since we have treated n > 2 above, we 
conclude that A is a weak equivalence. 

We turn now to B. In this case, let M denote the subcategory of the full free category 
M. over y, consisting of cells from X x I or from X'. We claim, first of all, that for 
any 0, M{4>) is contractible. We only need to treat the case where is a map from an 
object X E X 1 to the final object e. The points in M correspond to pairs (-0, t) where 
■0 = (-01, . . . ,-0fc) is a composable sequence with composition 0, and t is a collection of 
parameters such that U — 1 for at least one of the objects X{ which is in Xq. To contract 
this space (keeping at least one such t and keeping the relations for tj = 0), first scale down 
to all of the tfs corresponding to objects in X 1 . Then replace the composable sequence 
with an equivalent one (making k smaller), such that X k _i is in X . Then change to an 
equivalent sequence with X' k added between Xk-\ and Xk, where X' k is the same object 
as Xk (the source of 0) but considered as being in X . The last map is the identity cross 
the map 1 — > 0, and the parameter corresponding to X' k is 0. Then scale this parameter 
up to 1, then scale the rest of the parameters down to zero. The result is in a normal 
form, giving the contraction. 

With this contraction, the cases n = and n — 1 are trivial since 7ro(JV) = y. To treat 
the cases n > 2 we use the theory of section 1, particularly the part at the end for the 
case where M is generated by several subcategories (in this case, two). From the exact 
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sequence given there, in order to show that the complex Ajv - is contractible, it suffices 
to show that the complexes corresponding to the subcategories X', X x I, and X are 
contractible. For each of these categories y', the presheaf of complexes associates to a 
morphism the nerve of the category of objects of y' which are inside (f> with respect to 
y. We can assume that goes from an object (X, 1) in X\ to the final object e. Then 
the category of objects inside is the same as the category of objects of y' which are 
under (X, 1) with respect to y. If y' — X x / then this category has an initial object 
(X, 1); ify' = X' then it has a final object e. If y = X then it also has an initial 
object, namely (X, 0) (compare with the proof of contractibility of M{<p) given above). In 
all three cases, the nerve is contractible as required This completes the proof that B is a 
weak equivalence. □ 

In view of this lemma, and to make future arguments more convenient, we define 

T(X,T) := Mor(* x ,T), 

and 

T 00 (X,T):=Mor 00 (* x ,T). 

From the above lemma (and the fact that weak equivalences between CW complexes are 
equivalences), the map rj \— > p*r) induces a homotopy equivalence 

i^(*,r)->r 00 (*,r). 

This has the advantage of making it easy to define the functoriality with respect to 
morphisms of flexible functors. If T° and T 1 are flexible presheaves then we obtain a 
weak equivalence 

a : Mor(* X) T iT l ) -> T(X,T°) x MoriT ^ 1 ), 
giving an equivalence 

Ooo : M 0roo {* x ,T\T l ) -> T^T ) x Mor^T ,T l ). 
Taking the "third side of the triangle" gives a morphism 

b : Mor{* X) T°X) -> Mor(* x ,T°) = T(X, T 1 ) 

and hence 
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Let V be the space of flexible functors I — > Top extending the functor / — > Top which 
corresponds to the morphism considered above. Taking the arrow in the other direction 
in / (for each point of V) and composing with yields 

V x Mo roo (T°,T l ) x Too^T ) -> T^X^T 1 ), 

hence 

V x Mor^iT^T 1 ) ^ Hom(T oo (X,T ) ,^ 00^,^)). 

The fact that V is a weakly contractible space (Theorem [2.2p means that we obtain a 
"very well defined" map from Mor^T^T 1 ) to HomiY^X, T°), T^X, T 1 )). 

We also note a stricter functoriality with respect to the variable X. Namely, if F : 
y — > A? is a functor, then we obtain a morphism 

F* : r(Af,T) -> T(y,F*T). 

Similarly, we obtain 

F* :T 00 (X,T)^T 00 (y,F*T). 

These satisfy (FG)* = G*F*. 

We say that a flexible functor T is multi-identity normalized if T(lx, • • • , lx; £) — 1t x 
for all t. 

Suppose is a category with a final object e. Then there is a functor p : X x / — >• X 
which sends X x {0} to X by the identity, and which sends X x {1} to e. If T is a 
(multi-identity normalized) contravariant flexible functor from X to Top, then p*T is a 
morphism (of flexible functors) from the constant functor Tg_ (whose value on any object 
X G X is T e ) to T. There is a canonical map T e — > Mor(* x , T e ) sending x to the 
morphism of functors which sends * to x (considered as a morphism of flexible functors). 
The fiber of Mor(*x,T e , T) over p*T G Mor(T e , T) maps to Mor(*x, T e ) by a weak 
equivalence. There is a canonical weakly contractible space parametrizing inverses to this 
weak equivalence (that is, maps from Moroo^XjTe) to the fiber). Thus we obtain a very 
well defined map from r^Te into this fiber, and by projection we obtain a map 

In fact, there is a canonical way to get a map T e — > T(X, T): to a point i6T e , associate 
the morphism of flexible functors obtained by looking at the subspace of p*T given by {x} 
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in the values T e over objects of X x {1}, and equal to the values over objects of X x {O}. 
This gives an element of T(X, T), which varies continuously with x. One can see that this 
canonical map yields, under r^, a representative for the map displayed above. 

Note that if y C X is a subcategory, we obtain by the second functoriality above 
T(X, T) — > T(y, T\y), so composing we get a canonical morphism T e — > T(y, T). Similarly 
we obtain Too T e -> r^T) 

Finally, we note that the functorialities in the two arguments are compatible, up to 
homotopy. 

Suppose R, S and T are flexible functors from Z to a continuous category C, and 
suppose p : y — > Z is a functor. Then the functor ^ x /( 2 ) ^Zx /( 2 ) induces a pullback 
morphism 

p* : Mor 2i00 ( J R,5,T) - Mory i00 (p*R,p*S,p*T). 

This is compatible with the maps to Mor ZjOQ (R, S) etc. and the similar pullbacks for 
those spaces of morphisms. Thus p* commutes with the (weak ??) equivalence 

Mor z ^(R,S,T) -> Mor Zi00 (#,S) x Mor Zj00 (S,T). 

Inverting this equivalence commutes with p* up to homotopy, so we obtain a diagram 

Mor Zy00 (R, S) x Mor Zy00 {S, T) -> Mor^ (i?, T) 

I I 

Mor y , 00 (p*R,p*S)xMory i00 (p*S,p*T) -> Mory i00 (p*R,p*T) 

which commutes up to homotopy. 

Applying this to the case C = Top and R = * we find a diagram 

roods') xM r 2i0O (5,T) -> roods') 

I I 

commuting up to homotopy. 

The definition of flexible sheaf 

Suppose X is a site, that is a category with products and fibered products, and a notion 
of covering family {U a — > X} of any object X (satisfying certain axioms). Recall that a 
sieve over X is a subcategory B C X/X of the category of objects of X over X, such that 



62 



if Y — > X is in B and if Z — ► y is a morphism in , then the composition Z — > X is in 
£>; and such that B contains a covering family of X. 

We say that a contravariant flexible functor T : A? — > Top is a flexible sheaf (resp. 
weak flexible sheaf) if for any object X E X and any sieve £> C X/X, the morphism 

T x ^r(£,r| B ) 

is a homotopy equivalence (resp. weak homotopy equivalence). Note that X is a final 
object of X/X — the morphism in question here is the one defined above. 

Note that T is a weak flexible sheaf if and only if, for any object X G X and any sieve 
B C X/X, the morphism 

TooTx — > roo(£>, T|g) 

is a homotopy equivalence. 

It turns out (cf [f|T]) that the notion of being a flexible sheaf corresponds (via the 



above construction K for example) with the notion of a simplicial presheaf being flasque 
with respect to the objects of the site X in the terminology of Jardine jOJ]. This property 



is also often known as the "Mayer- Vietoris property" cf Brown-Gersten |nj, and also as 



the property of "cohomological descent" (Thomason |76| |p0| ). 

Direct limits 

Suppose J is a category and F : J — > Top is a contravariant functor. The direct limit 
(see Bousfield-Kan J7|, Vogt [0 |79[) lirn_> F is the space obtained by glueing together 



A™ x F(Tq) for each composable sequence 

rp 4*1 rp rp tyn rp 

-fO *— 1 1 • • • J n-1 -tn 

in J7". The glueing is obtained by identifying the face (<9jA n ) x F(Tq) with the cell corre- 
sponding to the composable sequence obtained by replacing the pair 4>i-u 4>i by the com- 
position For i — 0, the face (<9oA n ) x F(T ) is glued to the simplex A n_1 x F(T X ) 
via the map F((pi). 

Suppose A : y — * X is a functor. Recall that A is cartesian if, for every morphism : 
X' — > X in <Y and every Y" G A _1 (X), there is a universal pair (Y"', ip) where Y' G A^ X (X') 
and ip G A" x (0). We say that A is supercartesian if the pullback {Y 1 ,tp) is unique (and 
not just unique up to isomorphism, as is a consequence of the cartesian property). Note 
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that a supercartesian functor is necessarily split cartesian, that is there is a contravariant 
functor X — > Cat defined by X i— > A _1 (X); and the splitting is unique. 

Suppose A : y — > is supercartesian, and suppose F : [V — » Fop is a contravariant 
functor. Then we can define the relative direct limit 

lim(3VA\F), 

a contravariant functor from X to Top, as follows. For X E X, put 

lim(3V*,F)(X) :=lim(F| A -i W . 

If : X' — > X is a morphism in A', we obtain a functor 0* : A _1 (X) — > A~ 1 (X / ) from 
the supercartesian property. Furthermore, the fact that F is a functor gives a natural 
morphism 

F(Y) -> 

Using these morphisms, we obtain a morphism from the set of composable sequences in 
A _1 (X) to the set of composable sequences in A~ 1 (X / ) sending {y, 0j} to (p*Yi, and 
also morphisms of spaces 

A n x F(Y ) -> A n x F(0*F o )- 

These preserve the data used in glueing the cells together to form the direct limit, so we 
obtain a morphism of direct limits 

lim(F| A -i (x) -> lim(F| A -i (X /). 

This gives the morphism of functoriality lim^(y/X, F) ((/>), which satisfies the required 
associativity. 

Construction of HT 

Suppose T is a contravariant flexible functor from a site X to Top. If B is a sieve 
over X then we obtain, for each object / : Y — > X in X/X, a sieve £>y in ^Y/F (the 
set of objects U — > y such that the composition [/ — > y — > X is in £>). We have a 
natural functor (composition with Y — > X) going from £>y to £>, which gives the pullback 
morphism 

/* : r(B,T\ B ) — > F(By,T\ By ). 
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If g : Z — > Y is a morphism, we obtain a functor £>^ — > By, hence the same pullback for 
g is 

g*:T(B Y ,T\ BY )^T(B z ,T\ Bz ). 

This system of pullbacks is strictly associative, g*f* = (/<?)*■ 

Let Sv(A') be the category whose objects are pairs (X, B) with X E X and B C X/X 
a sieve. The morphisms from (X, B) to (X', B') are the morphisms / : X — > X' such that 
B C /*#'. We obtain a functor 

r Sv (T):(X,£)^r(£,T| B ) 

from Sv(A') to Top. Put 

HT := \im{Sv(X)/X,r Sv (T)). 

This is a contravariant functor from to Top which associates to each X E X the direct 
limit 

(HT) x = ]imr(B,T\ B ) 

over sieves B of X/X. 
We also obtain functors 

T S C :(T):(X,B)^T 00 (B,T\ B ) 

from Sv(A') to Top, and we can put 

H„T:=)im(8v(X)/X,r%(T)). 

This is a contravariant functor from X to Top which associates to each X E X the direct 
limit 

(H 00 T) x = hmT 00 (B,T\ B ) 

over sieves B of X/X. 

Caution: The functor does not commute with direct limits, so H^T is not equal to 
t^HT). However, the following lemma implies that there is a very well defined homotopy 
equivalence between them. 
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Lemma 4.2 There is a commutative diagram 

TooHooT -> Too(HT) 

i i 

where the top and left arrows are homotopy equivalences and the bottom and right arrows 
are weak equivalences over each object. 

Proof: This is a general statement about the way commutes with homotopy direct 
limits (we could have stated the same lemma for any direct limit of topological spaces 
but we have given here the form we will use). To see that the bottom arrow is a weak 
equivalence, use the fact that the homotopy groups of a direct limit are the direct limit of 
the homotopy groups. The facts that the bottom and right arrows are weak equivalences, 
and that the left arrow is an equivalence (since H^T is already of CW type), imply that 
the top arrow is a weak equivalence, hence an equivalence since the two sides are of CW 
type. □ 

Recall that the functor K'T : X -> Top is defined by K'T(X) := T'(X/X, T\ x/X ) 
(recall the definition of T f from above). Put KT(X) := Y(X / X,T\x/x)- The morphism 
T'(X/X, T\x/x) ~* T(X/X, T\x/x) is functorial in the first argument, so we obtain a 



morphism of functors K'T — > KT . This is a homotopy equivalence, by Lemma |4.1| . As 
XjX is a sieve over X, KT(X) appears naturally as a subspace of HT(X). This gives 
an inclusion of functors KT "—>■ HT. 

In the appendix to this section, we define a morphism of flexible functors M : T — > K'T 
(in fact, a homotopy equivalence). By composition we get a morphism 

T -> HT 

(note that there is a canonical choice for the composition of a morphism of flexible functors 
and a morphism of functors — cf the remark below ???). 

If T is a functor, then the morphism T — > KT is a morphism of functors, so we obtain 
a morphism of functors T — > HT. We also obtain a morphism of functors r^T — > H^T. 

The main proposition 

As explained above, the spaces T(By,T\ By ) vary functorially in Y e XjX. We obtain 
a functor HqT : XjX — > Top defined by 

H B T Y :=T{B Y ,T\ 
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The morphism 

T(X/Y,T\ x/y )^T(B y ,T\ By ) 
is functorial in Y — > X, so it gives a morphism of functors 

KT\ x /x — > -f^T. 

We can compose this with the morphism of flexible functors T — > KT to get a morphism 
of flexible functors 

T\x/x — ► -Hb^ 1 - 
Similarly, we obtain H Boo T : X/X — > Top defined by 

Hb,ooT y := r(By,T| Sy ). 

Lemma 4.3 T/ie too maps r(£>, T| B ) — > T(£>, (f/eT)| B ) ; one defined by the composition 

T(B,T\ B ) = (H B T) X - r(B, (TT B T)| B ) 

and £/ie oi/ier induced (as described in ???) by the morphism F : T\ x / X — > -HbT ; are 
/iomotopzc. 

Proof: This statement is conserved by functoriality in terms of equivalences of flexible 
functors T. Since any T is equivalent to a functor, we may assume from now on that T 
is a functor. 

We describe explicitly the points of T((£>, (H B T)\ B ) (we leave it to the reader to see 
that this description follows from the definitions). Such a point U consists of the following 
data: for each composable sequence 

(0, ?7, 1p) = (0i, . . . , (f) a , 77, "01, ■ ■ ■ , ifo) 

of morphisms in B (with 0, : Xi — > Xj_i, ipj : — > Y}_i, and 77 : Yo — > X a ); each 

(e, = (0 = e , • • • , e« = 1, = f , • • • , & = 1) 
with ej,£j G {0, 1} and these being increasing sequences; and each 

(s,t) = (si, . . . , s a -!,ti, . . .,t b -i); 
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we have a point 

U((f),ri,ip;e,£;s,t) G T Yb . 

This is subject to the following axioms: the standard ones for s$ = or tj = 0; if s« = 1 
with 6j = then 

(0, »7, 0; e, f ; s,t) = u (<f)', 77, V; e', £; 

where the prime denotes throwing away everything below the object X,; if = 1 with 
6j = 1 then 

U((f), r), if); e, f ; s, t) = U rf, if); e', £; s', t) 
where 0', e', s' have everything thrown away above the object JQ, and 

77' = • • • a ?7; 

and similar cases for if), £, t: if U — 1 with & = 1 then 

(0, ?7, e , 6 s, = (ipi+i ■ ■ ■ ipb)*U ((f), rj, if)'; e, s, t') 

where the prime denotes throwing away everything above the object X iy and (V'i+i • • "0b)* 
is the restriction for the functor T; and finally, if Sj = 1 with = then 

U ((f), V, ^1 e, f I s,t) = U ((f), 7]', if)'; e, f '; s, t') 

where if)',£ f ,t' have everything thrown away below the object X iy and 

7]' = 7]lf) 1 ---lf) j . 

Recall that a point V of T(B,T\s) can be described in a similar way It is a function 
V(0;e;t) for a composable sequence in B, a sequence of indices G {0,1}, and a 
sequence of tj G [0, 1]. It satisfies similar axioms (which we don't repeat here). 

The images of V by the two maps in the lemma are the points U and Lq given by 

U ((f), rj, ip; e, f ; s, i) = (77^1 • • • 0&)* V(0; e; s) 

and 

To prove the lemma, it suffices to construct a continuous function 

U r ((f),r],ip;e,^;s,t) 
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for r G [0, 1], satisfying the properties given above with respect to the inner variables, and 
giving Uq and U\ for r = and r = 1 respectively. 
Put 

U 1/2 (<j),ri,^;£^;s,t) : = 

V(<f>i, ■ ■ ■ , 4>i, C, ipj+i, ■ ■ ■ , ipb, P; si, . . . , Si_i, t j+1 , tt-i) 

where i is the largest with = and j the smallest with = 1; the map in the middle is 

and the index (3 is the one which makes £ the map between index zero and index one. 

Let e denote the index for the composable sequence (0, 77, tp) obtained by taking e for 
the part <f> and adding on l's in the remaining places. For r e [0, 1/2] we will put 

C/ r (0, 77, V; e, f ; s, := V((0, 77, ^); e; a(e, r, s, t)) 

for a function 

4 ) (,r,M)eQ e -([0 1 ir) 

satisfying the properties necessary to give a homotopy between C/ and Ui/ 2 - Here 
<5e([0, l] a+f> ) is the quotient of [0, \] a+b obtained by identifying points a and a' if they 
formally act the same way in the argument of V, that is if they agree between the last 
1 with ii — and the first one with q = 1. The function V(a, e, a) factors through a 
function on the quotient Q([0, l] a+fe ). We will denote points in the quotient by the same 
a + 6-tuples as for points in [0, l] a+b . Note also that if s, t is a point in the argument of U 
then for x, y G [0, 1], the concatenation (s,x,y,t) is a point in [0, l] a ' b . 
Note that we obtain Uq by putting 

^(e,£,0,s,t) = (s, 1,1, t), 

whereas we obtain Ui/ 2 by putting 

a(e,Z,l/2,s,t) = (s', 0,0, t'), 

where = (1 — €j)sj and = £jtj. The properties which we need are: 

(1) If Si = then Oi = (up to equivalence in the quotient). 

(2) If tj = then 

< J a+2+j = (again, up to equivalence in the quotient). 

(3) If Si — 1 for €i = then (as points in the quotient) 

a = (..., l,<r(e',£,r, 
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where e' and s' are obtained by throwing away everything up to and including q and Sj. 

(4) If Sj = 1 for €i — 1 then (as points in the quotient) 

< 7 = ((7 , (e , ,e,r, 

where e', s' are obtained by throwing away everything from e*, s« on, and cr'(. . .) is obtained 
from it(. . .) by adding a sequence of zeros from the place <7j to the place <7 . 

(5) If = 1 for £j = then (as points in the quotient) 

a = (a'(e,t',r,s,t')) 

where t' are obtained by throwing away everything up to and including £i,ti, and a'{. . .) 
is obtained from er(. . .) by adding a sequence of zeros from the place a a +i to the place 

(6) If ti — 1 for = 1 then (as points in the quotient) 

where and t' are obtained by throwing away everything from on. 

These conditions (including the expressions for r = and r = 1/2) give boundary 
conditions for the function cr(e,£,r,s,t) (they are defined inductively in terms of the 
choices of a for smaller (a + b) — we make our choices of a by induction). The boundary 
conditions are compatible (it is for this compatibility that we have to take the quotient 
Qi), giving a continuous function defined on the boundary of the space of r,s,t. To 
show that such a function a exists, it suffices to see that the target space Q?([0, l] a+b ) is 
contractible. 

We can define a contraction 

F,:[0,l]x([0,ir 6 )^([0,ir 6 ) 

which preserves any coordinate which is equal to 1, by setting (x,cr) = a' with a[ = 
1 — (1 — x)(l — (Ti). This passes to the quotient to give a map (retraction to the point 
(!,...,!)) 

F:[0,l]xQ e -([0,ir fe )^g e -([0,ir 6 ). 

Thus Qe([0, l] a+b ) is contractible. This allows us to construct the homotopy between U 
and Ui/2- 
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Next, we need a homotopy between Ui/ 2 and U\. For this, put £ := (0, . . . , 0, £), and 
for r G [1/2,1], set 

U r ((f), 7], ip; e, f ; s, t) := V((0, 77, ^); |; r(e, f , r, s, *)) 

for a function 

r(e,£,r, S ,t)GQ ? ~([0,l] a+6 ) 

satisfying the properties necessary to give a homotopy between U and £/i/ 2 . Here 
Q|([0, l] a+6 ) is again the quotient of [0, l] a+f> obtained by identifying points a and a' 
if they formally act the same way in the argument of V, that is if they agree between the 
last 1 with £j = and the first one with £j = 1. 

As before, the properties required of r (analogous to those listed above for a) may 
be interpreted as boundary conditions given by a continuous function from the boundary 
of the space of r,s,t into the space Q^([0, l] a+b ) (again, this function is defined by our 
inductive choice of r for smaller values of a + b). Since Q^([0, l] a+b ) is contractible, there 
exists a choice of r as required. This completes the proof of the lemma. □ 

Lemma 4.4 Suppose F : S — > T is a 
with initial object e. Then the diagram 

i 

commutes up to homotopy. 

Proof: The statement is preserved by homotopy equivalences of the morphism F, and F 
is equivalent to a morphism of functors. Then we may take as the morphism T(y, F) the 
morphism induced in the usual way. The diagram in question becomes commutative. □ 

Corollary 4.5 Suppose F : S — > T is a morphism of flexible functors from the site X to 
Top. Suppose X G X and B is a sieve over X . Then the diagram 

s x - r(B,s\ B ) 
I I 

T x - F(B,T\ B ) 

commutes up to homotopy. 



morphism of flexible functors over a category y 
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Proof: By the lemma, the diagram 



s x -> r(x/x,s\ x/x ) 

i i 
t x - r(^/x,TU /x ) 

commutes up to homotopy. On the other hand, the diagram 

r(x/x,s\ x/x ) -> r(fi,5| B ) 
1 1 



r(^/x,TU /x ) -> r(B,T| 



6 J 



commutes up to homotopy, by the compatibility discussed at the beginning of the chap- 
ter. The morphism Sx — > r(^, is obtained by composing the top rows of the two 
diagrams, and the same for T with the bottom rows. Putting together the two homotopy- 
commutative diagrams, we get the corollary. □ 



Proposition 4.6 Suppose X is a site and T : X — > Top is a contravariant flexible 
functor. Then T is a flexible sheaf if and only if the morphism T — ► HT is a homotopy 
equivalence. 

Proof: Suppose that if is a flexible sheaf. Then, for each X e X and each sieve B over 
X, the morphism 

T X ^T(B,T\ B ) 

is a homotopy equivalence. But this implies that if B' C B is a smaller sieve, then 

r(s,T| B )^r(£',iV) 

is a homotopy equivalence. In other words, all of the maps in the direct limit 

(HT) x = ljmr(B,T\ B ) 

are homotopy equivalences. Note that the direct limit is over a directed set. In that 
case, the direct limit is homotopy equivalent to the first element, which is (KT)x- As 
T x — > KT X is a homotopy equivalence, we conclude that T x — > (HT) X is a homotopy 



equivalence. Since this is true for all X, by Theorem 2.2 the morphism of flexible functors 



72 



T — > HT extends to a homotopy equivalence (note also that the space of such extensions 
is weakly contractible). This provides the first half of the proposition. 

Suppose that T — > HT extends to a homotopy equivalence, so there is a morphism of 
homotopy functors HT — ► T providing a homotopy inverse at each object (that is, the 
morphism provided by the homotopy equivalence). We obtain a diagram 

T(B,T\ B ) <- T x 

T T 

T(B,(HT)\ B ) <- (HT) X 

T T 
T(B,(H B T)\ B ) <- (# B T) X 

T / T 

T(B,T\ B ) <- T x 

where we claim that all squares and triangles are homotopy commutative. 

(NB — we need to discuss the notion of homotopy between two morphisms, and homo- 
topy commutative diagrams, in the section on morphisms...???) 

The first and second squares commute by the previous corollary. 

The first triangle commutes by Lemma [Ol 

The second triangle trivial — note that the diagonal arrow is equality. 
The compositions along the sides are homotopic to the identity. 

For the right side, this follows from the fact that the composition of the bottom two 
arrows is homotopic to the natural inclusion Tx — > HTx (second of the above lemmas), 
and the fact that the other part of the homotopy equivalence provides a homotopy inverse. 

On the left side, we first claim that the composition of morphisms of flexible functors 
T\x/x — > H B T — ► (HT)\x/x is homotopic to the natural morphism T\x/x ~^ {HT)\x/x- 
To verify this, note that both morphisms factor through T\ x /x —> (KT)\ x /x, so it suffices 
to verify that the composition of morphisms of functors 

(KT)\x/x^H B T^(HT)\x /x 

is homotopic to the morphism (KT)\x/x — > (HT)\x/x- Suppose Y G X/X. Then 
(KT) Y = T(X/Y } Tx/ Y ) whereas 

(HT) Y = \\mT(B,T B ,). 
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Since the sieves X/Y and By appear in the direct limit, there is, corresponding to the 
inclusion of sieves By C X/Y, a morphism 

T(X/Y,T X/Y ) x [0,1] - lim F(B,T B ,) 

sending T(X/Y, Tx/y) x {0} in by the natural inclusion, and at {1} giving the pullback 
map F(X/Y, Tx/y) — > T(By ,T By ). Note that if Z — > Y is a morphism, then the pullback 
of By to Z is Bz- Thus this collection of morphisms gives a morphism of functors 

(KT)\ x/x x[0,l]^(HT)\ x/x , 

restricting to the natural morphism on (KT)\ x /x x {0}. It restricts to the composition 
with H B T — > (HT)\x/x on {KT)\ x /x x {1}, because i^T associates to each 7 G ^/I 
the subspace r(£>y,T By ) of the direct limit (HT) Y . This morphism of functors gives a 
homotopy between the natural map (KT)\x/x — ► (-H^OI*/* and the composition 

(KT)\x/x ^ H B T ^ (HT)\x/x, 

giving the claimed statement. 

It follows that the composition of the morphisms of flexible functors (over X/X) occur- 
ing on the left side is homotopic to the identity (by the usual properties of compositions). 
We obtain the same thing after restricting to B. To conclude, note that if the composition 
of a sequence of morphisms of homotopy functors is homotopic to a morphism /, then the 
composition of the induced morphisms on T(£>, •) is homotopic to the morphism induced 
by /. (This follows from the definition of T as a space of morphisms, and the properties 
of composition of morphisms.) 

Finally, it follows from the form of this diagram and the homotopy commutativity 
that the morphism T(B,T\ B ) — > Tx obtained by composing the diagonal arrow and the 
two upper right arrows, is a homotopy inverse to the map Tx — > T(B,T\ B ). This is true 
for every X and every sieve, so T is a flexible sheaf. □ 

The following lemma is needed for the next proposition. 
Lemma 4.7 Suppose A is a contravariant functor on a category y . Then the morphism 

r^r^^r^A) 

is a weak equivalence. 
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Proof: More generally, if B — > A is a morphism of functors inducing weak equivalences 
over each object of y, then the induced morphism on the spaces of global sections is a 
weak equivalence. This is because the space of global sections is defined in terms of maps 
from CW complexes into the spaces. □ 

Proposition 4.8 Suppose T : X — > Top is a contravariant functor of CW type. Then 
T is a weak flexible sheaf if and only if the morphism r^T — > H^T is a homotopy 
equivalence. 

Proof: The first half of the proof goes through as before. For the second half, suppose 
TqoT — > HooT is a homotopy equivalence. Look at the diagram 

t T T 

rUB^T)^) - r^^ooT)^) <- (//ooT) x 

T T T 

roo(^(^ B ,ooT)| B ) - r(B,(H Bt00 T)\ B ) <- (tf Bi00 T) x 

T T T 

similar to the one in the previous proof. Here the diagonal arrow on the bottom is 

r oo(^, T~ooT\b) — >• (Hb,<x>T)x- 

Since the horizontal arrows on the left are weak equivalences, we can lift the leftward- 
pointing horizontal arrows on the right side to obtain a diagram 

1" oo(^, Tootle) <— TooTx 

T T 

T T 

r oo(^, (#b,<x>^)|b) <— i.H Bi00 T)x 

T / T 

One can check that it is commutative by using the commutativity of the diagram in 
the proof of the previous proposition. In order to do this, one needs to know that the 
morphism 

T(B,H BiO0 T\ B )^T{B,H B T\ B ) 
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is a weak equivalence. This follows from the previous lemma. After we know that the 
diagram is commutative, the same argument as for the previous proposition, implies that 
the morphism 

TooT^T^TooTIb) (t) 

is a homotopy equivalence. Since T is of CW type, the morphism (of functors) r^T — > T 
is a homotopy equivalence. We get an exactly-commutative diagram 

T x - T(B,T\ B ) 

T T 

TooTx -> T(B,r 00 T\ B ) 

where the vertical arrows are homotopy equivalences. Note that our morphism (f) is just 
a lifting to a diagonal map from the upper left to the lower right, in the diagram obtained 
by applying r M to this diagram. The fact that (f) is an equivalence implies then that 

TocTx — > r 00(f), T\ B ) 

is an equivalence. This is the necessary statement. □ 



Covering families 

Suppose X is a site, and U = {U a } is a covering family of an object X. If T is a con- 
travariant flexible functor from X to Top we define a space T(U,T) homotopy equivalent 
to T(B U , T) where B u is the sieve defined by U (consisting of all morphisms V — > X which 
factor through some U a in IX). 

We denote fiber products of elements in U by 

U ao ...a n '■= U a(j Xx ■ ■ ■ Xx U an . 

The following definitions and considerations are due to Boardman and Vogt |J see 
also the Stasheff polytopes |f73| , and |74|. 



A tree diagram of width n is a tree embedded in the plane, with n + 2 strands hanging 
down from a certain point (the "top"). The strands are infinitely long. The edges between 
the vertices or between the vertices and the top are assigned lengths in (0, 00], and when 
the length approaches the two vertices should come together. Choose the embedding so 
that the length of an edge is equal to the vertical distance between the vertices. Constrain 
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the lengths so that the vertical distance between two vertices is < 1 (even if the vertices are 
not on the same edge). Call the bands between horizontal lines which contain vertices, 
the intervals of r; the lengths of edges should really be thought of as lengths of these 
intervals. 

If a = cto? • • • 5 a n is an index and r is a tree diagram of width n, then we assign ctj to 
the region in the plane between the ith and i + 1st strand. For each interval e, we obtain 
an index a(r,e) corresponding to a horizontal slice in the band e (take all the cxj which 
appear in regions which intersect the slice). 

Cutting at an interval e, we obtain a tree diagram r' which is the part above e (the 
strands in e are made into the infinite ends of the new diagram), and a disconnected tree 
diagram t" corresponding to the part below e (with the strands in e becoming the various 
top points). If ei, . . . , 6h are the bands below e := e (with being the bottom) then we 
obtain a sequence of fiber products with projection maps 

^a(r",£i_i) ^ ^a(r",e;)> 

and the lengths of provide a sequence t±, . . . , t^-i- Note that the first space is U a > where 
a' is the bottom index of r', and the last is U a . Our flexible functor thus gives a map 

T(a",r") : = T(0 l5 . . . , <p k ; t u . . . ,t fc _i) : T Ua , -> T Ua . 

The space T(U,T) is defined to be the space of all collections of functions 

Q(a , ...,a n ;r)e T UaQ .,. an 

where r is a tree diagram of width n. Q is assumed to be continuous in the variable r and 
to satisfy the following axiom: if an interval e in the tree diagram r has width 1, then let 
t' be the tree diagram truncated at e and let t" be the part below e. Let a 1 be the index 
corresponding to the bottom of t' and let a" be the indexation of r" . Then we require 
that that 

T(a",r")(Q(a',r')) = Q(a,r). 

If U = {U a } ae j is a covering family in X/X, let J denote the category of all formal 
products of elements of J. In other words, the objects of J are of the form f? aiv .. jafc for 
oti, . . . , ctfe G J, with morphisms corresponding to projections and diagonal maps. The 
covering U gives a functor 

iu : J - X/X 
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defined by 

^,u{-Bai,...,a k ) ■ ^ai,...,ay ■ 

(Note: the category J is defined to be the universal one such that we get £^ for any 
covering indexed by J in any site.) The functor £^ actually has image in the sieve E u 
determined by U. 

Lemma 4.9 We have 

T(U,T) = r(J,C u T). 

Proof: This follows immediately from the definition of the space of sections T'(J',QT). 
□ 

The boundary of a tree diagram consists exactly of those trees with an edge of length 
one. 

Lemma 4.10 (Boardman and Vogt) The space of tree diagrams of width n is topologically 
an n-disk, with boundary topologically an n — 1-sphere. 

Proof: H. One can see how this works by checking the cases of small values of n (there is 
a subdivision of the n-disk whose cells correspond to the cells in the space of tree diagrams 
of width n). □ 

Lemma 4.11 If U is a finite covering family and T is of CW-type, then T(U,T) is of 
CW-type. 

Proof: If T is m-truncated, then the space of choices of Q on the cells of dimension n > m 
is contractible (that is we get a sequence of fibrations with contractible fiber; the inverse 
limit has contractible fiber). Hence T(U,T) is the space of ways of specifying Q for tree 
diagrams of width < m. Since IA is finite, there are a finite number of cells. The space 
of ways of mapping each cell, given the boundary, is of CW type; as there are a finite 
number of cells, the space is of CW type. □ 

Lemma 4.12 The pullback morphism 

C u : T'(B u ,T\ B u) - T\J,CuT) = H(U,T) 

is a homotopy equivalence. The composition T x — > T'(B U ,T) — > H(U,T) is equal to the 
usual map. 
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Proof: The composition is equal to the usual map Tx — > T'(J, £^T), and this corresponds 
to the usual map into H(U, T) via the equality of Lemma |4i]. We need to provide the 
homotopy inverse H(U,T) — ► r(£> w ,T). 

We start with some observations similar to those in Section 1. For Y G B u , let 
N B u(Y) be the space of pairs (4>,t) where (f) = fa, . . . , fa) is a composable sequence of 
maps 4>j : Xj_i <— X,- with X k = Y, and t = (to, • • • , tk-i) e [0, l] fc , subject to the 
standard identifications for t { = 0. This collection of spaces is endowed with maps 

N B u(Y) x MffA ((f)) -> iV>(Z) 

whenever : Z — > K, compatible with the composition in M B « (this action of M on 
iV is obtained, as was the case for the composition in M, by inserting a tj = 1 in the 
appropriate place). The space of sections r'(£> w ,T) may be identified with the space of 
ways of mapping each Ngu (Y) into Ty compatibly with the action of M B u (via the functor 
T). 

Now for any Y G B u , let N'(Y) C N B u(Y) denote the subset consisting of pairs 
(0, £) where there is a j such that tj = 1 and for j < j the space Xj is one of the 
U ai ...a m an d the morphism fa : Xj is a standard projection. We have a morphism 

H(14,T) — > T(B U , N';T) (in fact, this is an isomorphism). We claim that N'(Y) is 
contractible. It will follow from Proposition [T7l] that there is a natural contractible space 
parametrizing morphisms T(B U , N';T) — > T(i3 w ,T), so we obtain a natural contractible 
space of morphisms from H(U,T) to T(i3 w ,T). 

The map T(B U ,T) -> F(W,T) = r(i3",iV,T) is induced by the inclusions X'(y) C 
iV(y). Our system of maps N(Y) — > N'(Y), composed with this system of inclusions, 
gives a system of maps N(Y) — ► N(Y) compatible with the action; this system of maps 
is homotopic to the identity (by applying the same type of argument as in Proposition 
using the fact that the N(Y) are contractible), so the composition 

T{B U ,T) -> T{B U ,N',T) -> r(jB",T) 

is homotopic to the identity. On the other hand, the spaces N'(Y) are unions of standard 
cells of N(Y), and this collection of cells is closed under the operation of taking the 
boundary of a standard cell. Hence, in the inductive construction of Proposition |1 . 1| , we 
may use the identity in N'(Y) when it is available as a solution to the extension problem 
for a given cell; thus we may assume that the system of morphisms N(Y) — > N'(Y) is the 
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identity on N'(Y). Thus the composition 

T{B U , N', T) -> F(B U , T) -> r(£ w , iV', T) 

is the identity. This proves that the map we construct is a homotopy inverse to the 
standard one. 

We construct the contration of N'(Y). Fix a morphism / : F — > C/g (this exists 
because F G £> w ). Suppose ((f), t) G jV'(Y) with = (0 1; . . . , n ). Define a sequence of 
points (^> s ,t s ) in N'(Y) inductively on s G [0, 1] as follows. Set m — ti + ... + t n -i, this 
depends continuously on (0, t), and m > 1 since by hypothesis there is at least one U — l. 
Let X/ denote the sequence of spaces involved. For s = s i+ i := (U+i + . . . + t n -i)/m, we 
will have X? = Xj_i x Up for j > i + 1 and XJ = X, for j < i — 1. We will have the 
corresponding values of tj; but also U = and X? is either equal to Xj or to Xj x f/^ 
(it doesn't matter which, because of the equivalence relation and the fact U — 0). The 
morphisms are given by the in the first factor, and the identity in the second factor; 
except at the end where X* = F for all s and the morphism to X^_ x is given by the 
n in the first factor, and the morphism / in the second factor if necessary. As s passes 
from Si to Si + tj/2m, the value of t? increases linearly from to ti (with derivative 2m); 
the rest of the tj stay the same. As s passes from Sj + ti/2m to Sj+i = Sj + U/m, the 
value of t s i+1 decreases linearly from tj to 0. This defines the homotopy on the interval 
continue in the same way for the interval and so on (note that s n = 

and the are decreasing since we go backwards; this is because we have numbered 
the composable sequence in the direction opposite to that of the arrows). This process 
depends continuously on (0, t) modulo the equivalence relations, since if a ti = then 
Si = Sj+i and nothing is changed in the interval. Grouping these together, we obtain a 
homotopy indexed by s G [0, 1]. Note furthermore that we have preserved the conditions 
for inclusion in N'(Y), because our changes consist of adding on a factor of Up, preserving 
the condition on the form of the first part of the series; and we have taken care not to 
destroy the condition tj = 1 (the tj can be changed only after replacing it by another 
one which would take the value one in this case). 

At the end, we have Xj = Xj x Up for j = 0, . . . ,n — 1. This is equivalent to the 
sequence of length n + 1 where we add on X_i = Up and put 0o = pr2 and t-i = 0. 
Then, for s G [1,2], increase t-i linearly from to 1. Finally, for s G [2,3], multiply the 
tj by 3 — s for j > 0; the point rests in N'(Y) because of t_i = 1. At s = 3 the point is 
equivalent to the point (/, 1) (with X_ x = Up, X = F, and = 1). This completes our 



80 



contraction of N'(Y) to the point (/, 1). 

For the last statement of the lemma, note that the map T x — > H(U, T) is induced by 
the fact that the U ai _ am are in B u . Thus the composition in question is equal to this 
map. □ 



Corollary 4.13 A flexible functor T is a flexible sheaf (resp. weak flexible sheaf) if and 
only if, for all coverings U of objects X e X, the morphism T x — > H(U, X) is a homotopy 
equivalence (resp. weak equivalence). 

Proof: This follows from the previous lemma and the fact that the B u are cofinal in the 
set of all sieves B (note that if the condition of the corollary is satisfied for all coverings, 
the map from T x to the telescope (HT) X over all sieves is a (weak) homotopy equivalence 
because the map to the telescope over a cofinal subset is a (weak) homotopy equivalence). 
□ 

We say that the site X is quasi- compact if any sieve B contains a finite covering 
family {t/ Q } a =i,...,fc- Recall that a homotopy functor T of CW type if each T x is homotopy 
equivalent to a CW-complex. We say that a homotopy functor T of CW type is n-truncated 
if for every point x G T x we have 71* (Ty, x) = for % > n + 1. 

Corollary 4.14 Suppose X is a quasi-compact site andT is an n-truncated flexible func- 
tor of CW-type. Then HT is an n-truncated flexible functor of CW-type. In particular, 
HT and H^T are homotopy equivalent. 

Proof: We have 

(HT) x = ljmT(B,T\ B ), 

but this limit is homotopy equivalent to the limit over the cofinal subsystem of sieves of the 
form B u , where the U are finite covering families (this is cofinal since X is quasi-compact). 
By the previous lemma, T(B U ,T) ~ T(U,T) and by Lemma [4.11| , this is of CW-type. A 
direct limit of spaces of CW-type is again of CW-type, so (HT) x is of CW-type. Note 
that HT is also n-truncated. One can see that each T(B, T) is n-truncated, by looking 
at the fibrations for the sequence of primitive cells — these are fibrations where the fibers 
are all mapping spaces into n-truncated spaces, hence the fibers are n-truncated; and the 
limit of the sequence of fibrations is n-truncated. Finally, the fact that HT is of CW type 
implies that it is equivalent to r^HT, and by Lemma [O] this is equivalent to H^T. □ 



81 



Remark: If X is not quasi-compact, then HT will not, in general, be of CW type. For 
example, suppose X is an infinite discrete topological space. If £ denotes the constant 
presheaf of sets whose value on each element is a set with two elements, then T(X, E) is 
the space of dyadic numbers with its Tychonoff topology, which is not a CW complex. If 
T is a flexible functor of CW type and HT is not of CW type, then T cannot be a flexible 
sheaf; it could still be a weak flexible sheaf, though. 

Corollary 4.15 If X is a quasi- compact site and T is a truncated flexible functor, then 
T is a flexible sheaf if and only if it is a weak flexible sheaf. 



Proof: Combine Corollary |4.14| and the characterizations of Propositions |4.6| and ^4.8|. □ 



The associated flexible sheaf on a quasi-compact site 

We suppose, for the rest of this section, that X is quasi-compact. We will construct the 
flexible sheaf associated to a truncated flexible functor T of CW type. In the next section 
we will give a different construction of the weak flexible sheaf associated to a truncated 
flexible functor on any site (not necessarily quasi-compact). Thus, for quasi-compact sites 
we will have given two different constructions. 

It should be noted that in the "closed model category" approach (Jardine j5|), one 
obtains the associated flexible sheaf quite easily by taking the fibrant replacement (which 
is constructed using the small object argument). 

Remark: Suppose T is a functor. Then the morphism F : T — > HT is a morphism of 
functors, since it is the composition T — > KT >• HT. 

Suppose / : S — > T is a morphism of functors. Then / induces a morphism Hf : 
HS — > HT of functors. This is given by an induced morphism 

Tf:T(B,S\ B )^T(B,T\ B ) 

for each sieve B over Y £ X. This induced morphism is defined by 

(r/(P))(^,...,0 n ) := fx n (P(<t>i, ...,4>n,t ,-- .,t„-i)) 

for P G T(£>, S). Note that if ij = 1 then we have 

(r/(P))(0,t) :=/ Xn (p(<M)) 
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= /*„W')(*W))) 
= T{<P")f Xn {P{<P\t')) 

= T(0",t")(r/(P))(0',t / ), 

where <j)',t' refer to the first parts of the sequences, and <f>",f to the second parts. This 
shows that (Tf(P)) satisfies the required conditions (the conditions for £j = being 
obvious). The morphisms Tf are compatible with restriction to smaller sieves, so we get 
a morphism of direct limits (H f)y{HS)Y — > (HT)y. 

Suppose Z — > Y is a morphism in X. If B is a sieve over Y then we obtain a sieve £>z 
over Z consisting of all the morphisms to Z which, when composed with the morphism 
to Y, are in B. There is an obvious functor Bz — > B and the pullback of S\b or T\q by 
this functor is S\ Bz or T\ Bz . We obtain the pullback morphisms 

T(B,S\ B )^T(B z ,\ Bz ) 

and similarly for T; and the morphisms Tf are compatible with these pullbacks. As the 
restriction from Y to Z for the functor HT is given by these pullback morphisms, the 
morphisms (Hf)y fit together to give a morphism of functors Hf. 

Lemma 4.16 Suppose T is a functor. Then we obtain a natural morphism of functors 
it '■ T —>■ HT, and similarly %ht '■ HT — > H(HT). On the other hand, by the above 
remarks we have an induced morphism H{vr) : HT — > H(HT). For any X e X , the two 
morphisms %ht,x and H{i T ) x from (HT) X to (H(HT)) X are homotopic. 



Proof: This is more or less the same statement as Lemma [4.3| . □ 



Suppose Gi is a sequence of functors, with morphisms gi : Gi —> Gj+i. Suppose that 
the Gi are all n-truncated and of CW-type. Then we obtain a sequence of functors HGi 
with morphisms Hgi. 

We claim that the natural morphism Tel(HGi) — > H(Tel(Gi)) is a homotopy equiv- 
alence. Note first of all that both sides are n-truncated of CW-type. Thus it suffices to 
prove that it is a weak equivalence at each X 6 X . Note then that both sides may be 
considered as telescopes over all sieves B over X, homotopy equivalent to telescopes over 
sieves B u . It suffices to prove that for any covering U of X, the morphism 

Tel(H(U,Gi)) -> H(U,Tel(Gi)) 
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induces isomorphisms of homotopy groups. But since the Gi are n-truncated, we may 
replace the H(U,Gi) by H- n (U,Gi) (which has the same definition as H(U,Gi) but 
looking only at tree diagrams of width < n), and the same for TeliGi). 
Thus it suffices to prove that the morphism 

Tel(H^ n (U,Gi)) -> H^ n (U,Tel(Gi)) 

induces an isomorphism on homotopy groups. On the left, the homotopy groups are just 
the direct limit of the iTiH- n (U,Gi), while on the right the 7TiH- n (U,Tel(Gi)) may be 
viewed as the inverse limit over a finite diagram where the elements are spaces of maps 
from a finite CW complex into the component spaces of Te/(G;) (and the maps in the 
diagram are fibrations). But the set of homotopy classes of maps of a compact space into 
a mapping telescope is just the direct limit of the space of homotopy classes of maps from 
that space into each component; thus on the right we obtain the same direct limit as 
on the left, so we get an isomorphism. We obtain the desired isomorphism of homotopy 
groups, proving that Tel(HGi) — > H(Tel(Gj)) is a homotopy equivalence. 

We apply this to the sequence of functors defined inductively by G\ = HT and Gi+i = 
H(Gi) with gi := ic l the natural inclusion. Note that, since the Gi are functors, the gi 
are morphisms of functors. Put 

FT := Tel(Gi) = Tel(HT -> H(HT) -> H(H(HT)) ->...). 

We would like to show that the natural morphism FT — > H(FT) is a homotopy equiva- 
lence. Note first of all that FT is n-truncated and of CW-type. Thus it suffices to prove 
that (FT)x — > (H(FT))x induces an isomorphism of homotopy groups for all X e X. 

For simplicity, we ignore base points in the following discussion. 

Note that 

iTj(FT) = lim7Tj(Gj). 

We will consider the map 7Tj(Gj) — > 7Tj(H(FT)) induced by the map Gi — > FT. The 
composed map 

Gi -> H(FT) = H(Tel(Gi)) 

is equal to the composition 

Gi -> H(Gi) -> Tel(H(G k )) -> H(Tel(G k )). 
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Note that in the Tel(H(Gk)) the maps are the H(ia k )- The composed map Gi — ► G{ + \ — > 
Tel(H(Gk)) is homotopic to the map from G i; by the nature of the telescope construction. 

In fact, the construction H is natural on functors, and the natural inclusion i is natural, 
that is if / : S — > T is a morphism of functors, then i t of = H(f) o z 5 . Thus we obtain a 
morphism of telescopes 

Tel(Gi) —> Tel(H(Gk)). 

The composition into H(Tel(Gk)) is equal to the natural inclusion %TeX{Gi)- Thus (in view 
of the above claim) it suffices to prove that the morphism 

Tel(Gi) —>Tel(H(Gki))- 

induces an isomorphism of homotopy groups. Equivalently, we have to show that 

lim7ri(G fc ) -> lim7Tj(#(G fc )) 

is an isomorphism. 

We will show that, for any k, if 77 G ir^HG}.) then there is 77' G Tr^Crfc+i) such that 
the image of rj in -K^HGk+i) (by the morphism Hgk) is equal to the image of 7/ by the 
morphism ic k+1 - And we will show that if ( G Hi{Gk) such that ic k {0 = in iii(HGk), 
then <7fc(C) = in ^(Gfe+i). From these two statements, it follows that the morphism of 
direct limits is an isomorphism. To prove the two statements, recall that Gk+i = HGk 
and Qk = ic k - The second statement follows immediately, since the two maps in question 
are the same. For the first statement, let rj' be the same element as 77; from Lemma |4.16| , 
we get Hg k {r]) := H(i Gh )(rj) = i H G k (v) =■ *G fc+1 (V)- 

We have proved that the morphism ipj- : FT — > H(FT) (which is a morphism of 
functors), is a homotopy equivalence, under the assumptions that T is an ra-truncated 
homotopy functor of CW type, and X is quasi-compact. By the characterization of 
Proposition |4.6| , FT is a flexible sheaf. We call FT the flexible sheaf associated to T. We 
have the following universal property. 

Theorem 4.17 Suppose X is quasi- compact and T is an n-truncated homotopy functor 
of CW type. Then for any homotopy sheaf R and any morphism A : T —>■ R, the space of 
ways of completing this to a homotopy commutative triangle T — > FT — > R is nonempty 
and weakly contractible. 

The proof is the same as for the case which will be treated in the next section, so we 
refer there for the proof. 
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5. Homotopy group sheaves 



Suppose T is a flexible functor from X to Top, and suppose i > 1. Suppose i e 
r(Af,T). Then we define 

to be the presheaf which associates to each object Y G X the group 7Ti(T Y , £y). Note that 
the higher homotopies in the definitions of T and t yield natural restriction morphisms 

7Ti(Ty,ty) — > 7Ti(T z ,t z ) 

whenever Z — > F is a morphism in A\ These are strictly compatible with composition, 
giving a contravariant functor from X to the category of groups (abelian groups if % > 2). 
This gives the desired presheaf. Similarly, for i = define a presheaf of sets 7To re (T) on 
X (which doesn't depend on a choice of basepoint). 

Suppose X is a site. Then let 7Tj(T, £) be the sheaf associated to the presheaf 7rf re (T, t) 
(dropping the basepoint if i — 0). 

Suppose T — ► S 1 is a morphism of flexible functors, and * T — > S is a diagram of 
flexible functors (that is, a flexible functor from X x 1^ to Top restricting to the given 
ones, and to the given morphism T — > S). Let t denote the point * — > T and let s denote 
the point * — > 5. Then we obtain a morphism of presheaves 

7r pre (T, t) — > nf Te (S, s), 

sheafifying to give a morphism of sheaves if X is a site. Again, there is no need for the 
stuff concerning the basepoints if i = 0. 

Recall the following definition from |43| (although he didn't use the same terminol- 
ogy!): a morphism T — >• S of flexible functors on a site X is an Illusie weak equivalence if 
it induces isomorphisms on all homotopy group sheaves. We will show below that if S and 
T are (truncated?) weak flexible sheaves of CW-type, then an Illusie weak equivalence is 
in fact an equivalence. 

Lemma 5.1 Suppose T is a flexible functor on a site X . Then the morphism T — ► HT 
is an Illusie weak equivalence. 

Proof: ??? □ 
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Towers 



A tower of topological spaces is a sequence of spaces Aj indexed by % G N, together with 
maps Tj : A{ — > This may be considered as a contravariant functor A from the 

category A/" (consisting of one object for each natural number and one morphism from % 
to j whenever % < j) to Top. The limit of the tower is the space T(J\f, A). Note that if the 
maps Tj are fibrations, then this limit is homotopic to the usual projective limit. We say 
that the tower is vertically truncated if the maps r« are weak equivalences for % 3> 0. We say 
that it is horizontally truncated if each space Ai is truncated, and uniformly horizontally 
truncated if there is an n such that each A^ is n-truncated. Note that vertically truncated 
plus horizontally truncated implies uniformly horizontally truncated; in this case we say 
A is completely truncated. 
The fibers of the tower are 

Fi(rj) := fiber of Tj : A; L — > A^ over r] G 

If 77 G r(jV, A) then we obtain the fibers ^(77) for all i (using as basepoint the projection 
of i] in 

Nonabelian spectral sequences 

The usual notion of spectral sequence involves abelian component groups. This can be 
generalized slightly as follows. (I assume that this materiel is well-known but don't give 
a specific reference.) 

A nonabelian complex ending at i = n (perhaps it would be better to replace this 
notion by the notion of "crossed complex" ?) is a sequence of groups G{ for i < n with 
maps di : Gi — > Gj+i, a pointed set {G n ,p) with an action d n _i of G n _i on G n , and a 
boolean function d„ : G n — > {0, 1}, subject to the following axioms. The group Gj is 
abelian for 2 < n — 2. The compositions did^\ are zero for i < n — 2, G? n _ 2 (Gn-2) is 
a normal subgroup of the stabilizer of p under the action d n -±, the action preserves the 
boolean function, and d n (p) = 0. The cohomology H l of such a complex is the kernel of 
di modulo the image of d,^i for i < n — 2; it is the stabilizer of p modulo the image 

of d n - 2 , and H n is the quotient of rf^ 1 (0) C G n by the action of G n -±. 

A nonabelian spectral sequence in p + q < n consists of the following data, subject to 
the axioms given afterwards. The data consist of families of nonabelian complexes 

{E™, d r : -> 
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for integers r > 2, such that the complexes E P,q end at p + q = n; together with isomor- 
phisms 

12 r — ^r+l 

between the cohomology of the complexes E r and the next terms E r+ \. 

Note that for p + q = n — 1 the cohomology groups are nonabelian, and for p + q = n 
they are sets, pointed by the image of the basepoint in the previous set. 

We say that a nonabelian spectral sequence abuts to a collection {K l }i< n , if K l is a 
set for i = n, a group for i < n — 1, abelian for i < n — 2, if for each i there is a cofiltration 
(that is, a collection of quotients) {K l — > FjK' 1 } such that at each (p, q) the sequence 
eventually stabilizes, and the stabilized value is 

E p J = keT(F g K p+q -> F q+1 K p+q ). 

For p + g = n — 1, the quitients are quotient groups, and for p + q = n, the quotients 
are pointed sets. In the last case, the kernel denotes the set of elements mapping to the 
base point. When the spectral sequence starts with a certain term E 2 and abuts to K l 
we commonly write 

Proposition 5.2 Suppose A is a vertically truncated tower of spaces, and suppose rj e 
T(Af, A). Then there is a (nonabelian) spectral sequence in p + q < with 

El* = 7T_ p _ ? (F_ ? ,77) => 7T-p- q (r(J\f ,A),T)). 

The filtration on 7i- p - q (T(Af, A)) is 

F q 7T- p - q (T(Af, A), 7]) := the image in Ti^ p ^ q (A^ qi ri). 

Proof: Left to the reader. (??? ref ???) □ 

Remark: The spectral sequence degenerates in the case of a tower with only one 
nontrivial fiber, or in the case of a Postnikov tower. A fibration may be considered as 
a tower with two nontrivial fibers, and here the spectral sequence gives the long exact 
sequence of homotopy. In the case of a tower where Fj a K(G, n — i) space, then the 
E 2 term is nonzero for p = 2q — n, which form a line along the d 2 differential. The d 2 
differential gives a complex, and the cohomology of the complex is the end of the spectral 
sequence. This gives the result discussed in §1. 
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6. Fibrations and fiber products 



Suppose / : A — > C and g : B — > C are two maps of topological spaces. We define the 
pathwise fiber product A x£? th B to be the space of triples (0,6,7) where a E A, b e B, 
and 7 is a path in C from /(a) to We obtain a diagram 

I I 

with a homotopy of commutativity (given by the paths 7). 

Suppose R, S, and T are three contravariant flexible functors from a category X to 
Top. Suppose we have morphisms F : R —> T and G : S — > T. We say that a diagram 
(that is a flexible functor from x J 2 to Top) 

Q -> i? 

I I 
5 -> T 

is path- cartesian if for each object X & X, the diagram 

— ► -Rx 
I I 
«Sx — > Tx 

together with its homotopy of commutativity (given by the structure of diagram above) 
is homotopic to the diagram plus homotopy 

D v Path rr p 
-Kx X Tx Dx — > Kx 

i i 

Sx — > Tx . 

Notation: For brevity, we sometimes denote a commutative square as above by 

Lemma 6.1 IfQ^RxS^Tisa path- cartesian diagram of flexible functors, and if 
U is a flexible functor, then this induces a path- cartesian diagram of spaces 

Mo roo {U,Q) -> Mo roo (U,R) x Mor 00 (C/,5) => M 0roo (U,T). 
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Idea of proof: The statement of the lemma amounts to saying that the morphism from 
the space of diagrams 

(that is, flexible functors on (I 2 )* x X where the asterisk denotes the category with a final 
object — corresponding to the U — added), to the space of diagrams 

U -> R x S => T, 

is a weak equivalence. This is shown by the same type of argument as outlined in §2, 
using the Postnikov tower for Top. In the following paragraph we indicate the idea for 
the higher part (not for the first two stages). I have not checked the details. 

At each stage, we look at the space of flexible functors from (I 2 )* x X into r< n Top, 
restricting to the given ones on the subcategories isomorphic to (J 2 ) x X corresponding 
to the given diagrams (with Q and U). However, the space of morphisms is not weakly 
contractible at each stage in the Postnikov tower; instead, this tower yields a spectral 
sequence by the discussion at the beginning of the next section (note that there is no 
circularity!). In each row of the spectral sequence is the cohomology of the mapping cone 
of the map on complexes PC. corresponding to the inclusion M C M. of continuous semi- 
categories involved in the argument (Ai is the one for (I 2 )* x X and M corresponds to 
the union of the two subcategories in question). In turn, the cohomology in the row can 
be calculated by a spectral sequence: it becomes the spectral sequence for the presheaf 
(Cech) cohomology on Fl(X) of the complex of presheaves 

(0 : X <- X n ) h- 

■K n (Hom(U Xo ,Qx n )) -> 7r n (Hom(U Xo , (R x S) X J) -> ir n (Hom(Ux ,T Xn )), 

which is exact in the middle. Denote by F n the kernel, and note that the cokernel is then 
F n -i. The differential rf 3 comes from the class in Ext Fl , x \(F n -i, F n ) — a class which can 
be seen as coming from the long exact sequence of homotopy. Somewhat surprisingly, 
this class vanishes: this is a consequence of the fact that we have maps of flexible sheaves 
Q — > R x S , and not just the long exact sequence. Thus d% vanishes and the spectral 
sequence degenerates. The result is that the cohomology of the complex PC. for the nth 
row in the first spectral sequence, is an extension of the cohomology of F n on Fl(X), by 
the cohomology of F n _i on Fl(X) shifted by two. Now back to the first spectral sequence: 
the differential d 2 is an isomorphism between the quotient equal to the cohomology of F n _i 
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in the n — 1st row, and the subobject equal to the cohomology of F n -i in the nth row. 
Thus the differential d,2 kills off everything, so we obtain a weak equivalence in the limit 
of the tower. □ 



Corollary 6.2 IfQ^RxS^T and Q' — > R x S — > T are too path- cartesian 
diagrams, then the space of homotopies between them ( i. e. functors from X x I 2 x I to 
Top) is nonempty and weakly contractible. 

Proof: This follows from the previous lemma by a composition-type argument (one may 
have to reprove that the space of certain compositions of diagrams is weakly contractible, 
but this will be the same as usual). □ 

Remark: If R, S, and T are functors (and the morphisms F and G, morphisms of 
functors) then the pathwise fiber product R x?f th S is also a functor, and the diagram 
(NB this is a flexible diagram because of the path ...) is path-cartesian. On the other 
hand, we can always replace the diagram R x S ^ T by a homotopic diagram of functors. 
The above construction gives a path-cartesian diagram. Thus, for any pair of morphisms 
of flexible functors F : R — > T and G : S — > T there exists a path-cartesian diagram. The 
above lemma says that it is essentially unique. 

In a slight abuse of notation, we call the flexible functor Q the pathwise fiber product 
of R and S over T. 

There is probably a canonical choice for this pathwise fiber product even in the flexible 
case — we leave this to the reader. 

Fibrations 

A fibration diagram is a path-cartesian diagram of the form 

R -> S 

i i 
* -> T. 

We say that R is the fiber of the morphism S — > T over the point x G F(X,T) correspond- 
ing to the morphism * — > T. From the above discussion, if F : S — > T is any morphism 
of flexible functors, and if x e T(A',T), then there exists a fibration diagram (which we 
denote more briefly by R — > 5 — > T with the point understood). Any two such diagrams 
are homotopic by a very well defined homotopy. Thus we may speak of the fiber of a 
morphism over a point. 
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Path and loop spaces 



We can define path spaces and loop spaces. If x, y G T(X,T) we define the path space 
P X ^T to be the pathwise fiber product of * and * over T, via the morphisms x and y. 
We have a path-cartesian diagram 

I iy 
* At. 

If x = y then we call this the loop space Q X T := p x > x T. 
Lemma 6.3 If 

T{X,Q) -> F(X,R) 

i i 
T(X,S) -> T(X,T) 

is a path- cartesian diagram of flexible functors on a category X , then the induced diagram 

T{X,Q) -> T(X,R) 

i i 
T(X,S) -> r(^,T) 

zs a path- cartesian diagram of spaces. If X is a site then the diagram 

HQ -> Fi? 

zs a path- cartesian diagram of flexible functors; and the same for 11^. 

Proof: The statement for global sections follows directly from Lemma |6.1| applied with 
U — *x- The second statement follows by taking the direct limit over sieves. □ 

Corollary 6.4 Suppose 

Q -» R 

I I 
S -> T 

is a path- cartesian diagram of flexible functors on a site X. If R, S and T are weak 
flexible sheaves, then so is Q. 
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Proof: The morphism Q — > HQ fits into a morphism of path-cartesian diagrams, where 
by hypothesis the other three morphisms (R — > HR etc.) are weak equivalences on each 
object. This implies that Q x — > (HQ) X is a weak equivalence for each object X. □ 

In particular, if T is a weak flexible sheaf and x, y G F(X,T) then the path space P x > y T 
is a weak flexible sheaf. In the next subsection, we give a sort of converse to this. For the 
moment, note the following consequence of the lemma (which works for loop spaces, too, 
of course). 

Corollary 6.5 Suppose T is a flexible functor on a site X and x, y G T(X,T). Then 
p*,v(HT) is weakly equivalent to H(P X >*T). Similarly, if x,y G T(A',r 00 T) and ifx',y' 
denote their images in T(X,T) then P^^H^T) is weakly equivalent to H^^^T). 

Proof: By the lemma, H(P x ' y T) fits into a path-cartesian diagram with *, * and HT. □ 

Flexible functors whose path spaces are weak sheaves 

Suppose that T is a flexible functor from a site X to Top. We say that the path spaces of 
T are weak sheaves if for any object X G X and any pair of points x, y G T x , the path 
space P x,y (T\ x /x) is a weak flexible sheaf on the site X/X. 

Lemma 6.6 Suppose that the path spaces of T are weak sheaves. Then for each object 
X G X , the morphism 7r Q (T x ) — > TTo((HT)x) is injective. For each object X & X and 
each point x G T x , the morphisms 7Ti(T x , x) — > iii((HT) x , x) are isomorphisms for % > 1. 

Similarly, for each X £ X and nested pair of sieves B C B' over X , the morphism 
7ro(r(£>', T\b')) — > 7r (T(£>, T\b)) is injective; and for x G Y{B',T\b'), the morphisms 
7Tj(r(B', T\&), x) — > 7Tj(r(jB, T\b), x) are isomorphisms for i > 1. 

Proof: The fact that P x,x is a weak sheaf means that the map 

n i (T x ,x)=n i -i((P x ' x T) x ,x)^ 

m-ittHP^T^x) = n i -i((P x ' x HT) x ,x) = iTi((HT)x, x) 
is an isomorphism. For x, y G T x , the fact that P x,y is a weak sheaf means that 

n (P*>VT x ) - 7ro((HP x > y T) x ) = -k q {P^{HT) x ) 
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is an isomorphism; but this space is nonempty if and only if x and y are in the same 
path component (of T x on the left, of (HT) X on the right). This implies that 7r (Tx) — > 
7Tq((HT) x) is injective. The statements in the second paragraph are the same. □ 

Note that the second paragraph applies in particular to the case B' = X jX\ then we 
can replace T(B',T\b') by Tx in the statement. 

Lemma 6.7 Suppose that the path spaces of T are weak sheaves. Then the path spaces 
of HT are weak sheaves. 

Proof: Suppose a,b G (HT) X - By the direct limit construction of (HT) X , we may assume 
that there is a sieve £> over X and sections a',b' G T(B ,T) yielding the points a, b in 
(HT)x- Using Lemma fO| we may suppose that the images of a, b in T(Bq, HT) are the 



same as the images of a', b' obtained from the morphism T — > HT. For any Y G £>o we 
obtain a sequence of weak equivalences 

{P a '' b 'T) Y ~ H{P a 'y^T\ x/Y ) Y ~ 

(P a 'Y> h YH(T\ x/Y )) Y = (P a ' Y ' b ' Y HT) Y ~ (P a ' b HT) Y . 



The first is since the path spaces of T are weak sheaves; the second by Corollary |67q ; the 
third since the construction HT over the object Y depends only on T\xi Y \ and the last 
using Lemma PO as mentioned above. Composing these, we obtain a weak equivalence 



pa',b' T ^ pafijjrp 

of flexible functors over B . Now suppose B C B . Then 

P a '' b 'T{B,T) = T{B,P a '' b 'T) ~ T{B,P a ' b HT), 

and taking the direct limit (over sieves B C £>o) we obtain 

{P a ' b HT) x ~ limP a '' fe 'r(£,T) ~ limr(£, P a ' b HT) ~ H(P a > b HT) X - 

For the first and last, note that the construction if may be obtained (up to equivalence) 
by taking the limit over any cofinal set of sieves, in particular over the sieves contained 
in a given one. Thus the morphism 

pa ,b HT _^ H(P a ' b HT) 
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is a weak equivalence. This implies that P°" HT is a weak sheaf. □ 

Remark: The proof above is much easier if the points a, b come from Tx, but this is 
not necessarily the case. 

Theorem 6.8 Suppose that T is a contravariant flexible functor on a site X , such that 
the path spaces ofT are weak sheaves. Then HT is a weak flexible sheaf. 

Proof: By replacing X by X / X we may assume that X has a final object X and we prove 
that for any sieve B over X, the morphism (HT)x — > T(B,HT) is a weak equivalence. 



By Lemma |6.7| , the path spaces of HT are sheaves; then by Lemma |6.6| , to prove the weak 
equivalence it suffices to prove that (HT) X — > r(£>, HT) induces a surjection on ir Q . 

Suppose y G F(B,HT). Then for each U G B there is a sieve B' v over U such that 
for V G By, yu\v is m a path component of {HT)y which contains a point of T v . This 
follows from the construction of HT: (HT)u is the direct limit of the T(B', T\b>), so any 
point yu occurs in the space corresponding to one of the sieves B' v . By one of the axioms 
for a site, the union of all of the B' v forms a covering family of X, generating a sieve T>. 
If V G T> then yy is in a path component of (HT)y containing a point zy of Ty. We can 
now construct a point z G T(V,T) mapping to the path component of y in T(T>,HT). 
To do this, proceed by transfinite induction on the primitive cells (of dimension > 1) 
in the continuous category M. associated to X . Each time we add a cell, we can map 
it into the space Ty involved, in a way homotopic to the original map into (HT)y plus 
the previous homotopies on the boundary pieces, because the inclusion from the union of 
components of Ty containing the boundary into the path component of (HT)y containing 
the original cell is a weak equivalence (note that the boundary is nonempty since the cells 
are of positive dimension, which in turn is due to the fact that we have already chosen 
the zero- dimensional cells zy). 

We have shown that the image of our point y in T(V,HT) is in a path component 
coming from a point in T(T>, T), hence in particular from a point z in (HT)x- (Here there 
is also the question of the homotopy between two maps from T(V,T) to T(T>,HT), the 
one factoring through (HT)x and the other coming from the morphism T — > HT — this 
is essentially the main lemma above the main proposition in the section on descent.) 

Finally, note that by Lemma |6.6| , T(B,HT) is weakly equivalent to a union of some 



path components of T(V, HT). Thus, if there is a path from y to z in T(V,HT) then 
there is a path from y to z in T(B, HT). This completes the proof of surjectivity on n . 
We obtain the theorem. □ 
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Corollary 6.9 Suppose T is an n-truncated contravariant flexible functor from a site X 
to Top. Define inductively H k T : = if(if fc_1 T). Then H n+2 T is a weak flexible sheaf. If 
X is quasi- compact and T is of CW-type (i.e. takes values in Top cw , the subcategory of 
spaces homotopy equivalent to CW complexes) then H n+2 T is a flexible sheaf. 

Proof: First we treat the case n — 0. If T is a 0-truncated flexible functor, it is a flexible 
sheaf if and only if 7r (T) is a sheaf. And HT is again a 0-truncated flexible functor with 

n (HT) x = ]imr(BMT)). 

SO 

In other words, the operation H reduces, on the level of 7r , to the usual operation used 
to construct the sheaf associated to a presheaf of sets. As is well known, applying this 
operation twice gives a sheaf. Thus ir (H 2 T) is a sheaf of sets, so H 2 T is a flexible sheaf. 

For n > we proceed by induction on n. Now, note that the operation H commutes 
with taking path spaces. The path spaces P X ^T are n — 1-truncated, so by the inductive 
hypothesis p x ^i K H n+l T) ~ H n+1 (P x ' y T) are weak flexible sheaves. The theorem implies 
that H n+2 T is a weak flexible sheaf. 

For the second statement, note that if X is quasi-compact and T is of CW-type, then 
HT is also of CW-type. A weak flexible sheaf of CW-type is a flexible sheaf. □ 

Remark: Since H^~ 2 T and H n+2 are weakly equivalent, under the hypotheses of the 
previous corollary, H^~ 2 T is a flexible sheaf of CW-type. 

Corollary 6.10 Put F^T : = lim_> )m H™T (with the morphisms in the direct system being 
the same as those used at the end of the previous section). IfT is an n-truncated flexible 
functor of CW-type then F^T is a flexible sheaf of CW type, with a standard morphism 
T -> FooT. 

Proof: The morphisms from H^~ 2 T on are equivalences, so F^T ~ H^ 2 T. The standard 
morphism r^T — > F^T yields a morphism from T, if T is of CW type. □ 

Remark: Here, as below, we allow ourselves to pick an inverse when the inverse is 
"very well defined", that is the set of choices is parametrized by a weakly contractible 
space. We ignore what needs to be said to account for the fact that the choices made in 
various places aren't compatible, but only up to very well defined homotopy. 
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Theorem 6.11 Suppose T is an n-truncated contravariant flexible functor of CW type 
and S is a weak flexible sheaf on a site X . Then the space of composable pairs of mor- 
phisms T — > F^T — > S such that the morphism T — > F^T is the standard one, maps to 
Mor(T, S) by a fibration with weakly contractible fiber. 

Proof: The operation T t— > r oo (i3, T|g) is functorial with respect to morphisms of the 
flexible functor T; thus T i— > H^T and even T t— > F^T are functorial in T; and the 
morphism T — > F^T is a natural transformation (all of this being in a "very well defined" 
sense). We show that the space of homotopy classes of composable pairs T — > F^T — > S 
restricting to the given morphism T — > S, is nonempty and has only one path component. 
Note that we may assume that S is of CW type. To see that the set of diagrams in 
question is nonempty, apply the functoriality of to the morphism T — > S: we get a 
commutative diagram 

T -> F^T 

I I 

S > FqqS, 

where the bottom arrow is an equivalence (since S is a weak sheaf). Composing the right 
vertical arrow with this inverse of the bottom equivalence gives the desired diagram. To see 
that there is only one path component, suppose that we have a diagram T — > F^T — > S. 
Apply Foo to get a morphism of commutative triangles (we write the triangles vertically): 

I i 
FT — > F (F T) 

I 1 

S — > F^S. 

Here the middle and bottom horizontal arrows are equivalences, as is the upper right 
vertical arrow. The composition of the middle horizontal equivalence and that of the 
upper right is homotopic to the identity of F^T (this is essentially Lemma |4.3| again). 



The composition of the two vertical arrows on theright is the morphism obtained from 
T — > S by functoriality. The commutativity of the diagram (up to homotopy) implies 
that the diagram on the left is homotopic to the diagram constructed above, so there is 
only one path component. 

The same argument works if we have a morphism of weak flexible sheaves S — ► S' and 
want to find a diagram T — > F^T — > S having composition with this morphism equal 
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to a certain fixed diagram for T — ► F^T — > S'. Apply this to the diagonal morphism 
S — > S x S, and note that the space of diagrams T — > S — > S 1 x S 1 restricting to a 
morphism (77, £) : T — > S x 5 is the path space P v ^Mor(T, S). We find that all the higher 
path spaces of the space of diagrams as desired in the lemma, have exactly one connected 
component. This implies that the space of diagrams in question is weakly contractible. □ 

Remark: If T is an n-truncated flexible functor on a quasi-compact site, then FT = 
FqoT. The above theorem implies Theorem 4.171 . Alternatively, note that the same proof 
works for Theorem [4.17. 
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7. An analogue of Whitehead's theorem 



In this section, we discuss some properties of the A-categories of flexible functors and 
flexible sheaves, and the relationship with what is known in Illusie's thesis and the work 
of Jardine. 



The following notion is now called "Segal category" in |72[] and J4TJ for example. 
This notion (which is of course implicit in the work of Segal) first appeared explicitly in 
the paper of Dwyer-Kan-Smith [pgfl . They prove that the homotopy categories of Segal 
categories and simplicial categories (both localized by inverting the "equivalences") are 
equivalent. 

We keep here the original notation of vl. 

A A- category is a functor M from the category A of standard simplices, to the category 
of topological spaces, such that the space M is discrete, and for any n the morphism 

M n -> Mi x Mo . . . x Mo Mi 



is a weak equivalence. This is modelled on Segal's machinery for loop spaces jlj [64 . 
We say that the set M is the set of objects, and for any objects X , . . . , Xk the fiber of 
Mfc over the point (X , . . . ,Xk) (via the map associating to a fc-simplex the k + 1-tuple 
of its vertices), is the space of composable /c-tuples of morphisms between the spaces 
X , . . . The condition above means that the space of composable /c-tuples maps to 
the space of fc-tuples of morphisms, by a weak equivalence. We write M±(Xq, Xi) for this 
space of morphisms, in case k — 1. 

A A -functor between two A-categories M and N, is just a morphism of flexible functors 
from M to N. 

If X is a category, then we obtain a A-category in the obvious way (it is just the 
simplicial nerve of X with all sets given the discrete topology). Similarly we can do this 
for a continuous category C. 

Note (vl: the following statement from vl should be rephrased, it is basically the 
statement we are conjecturing above; it should concern the Segal category of flex functors 
Flex(X,Top)...m 

Lemma 7.1 The space of A-functors from X to a A-category M associated to a contin- 
uous category C is "the same" (?) as the space of flexible functors from X to C. 
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Proof: ??? □ 

If M is a A-category then we can define the homotopy category 7r M to be the category 
whose nerve is the simplicial set 7r (M). The following theorem is a generalization of Vogt's 
theorem |78] []T7|]: Vogt's theorem is the same statement without a Grothendieck topologi 



(i.e. in the case where the site X has the coarse topology). The present statement shows 
that the "flexible sheaf" condition is exactly what is needed to make Vogt's theorem work 
for obtaining the localization of simplicial presheaves by Illusie weak equivalence. 

Theorem 7.2 There is a natural equivalence of categories between n Flex(X) (where 
here Flex(X) is the A-category of truncated weak flexible sheaves on a site X) and the 
full subcategory of Illusie 's derived category of the category of simplicial presheaves on X, 
consisting of the truncated ones. 

Proof: To each simplicial presheaf P on X we can take the flexible sheaf associated to 
the realization, FRP. This provides a functor from the category of simplicial presheaves 
to TToFlex(X). We have to show that it factors through the derived category — to show 
this it suffices to show that it takes Illusie's weak equivalences to homotopy equivalences 
in Flex(X). Suppose that F : P —>■ Q is an Illusie weak equivalence, that is it induces 
isomorphisms on the homotopy group sheaves. This implies that the morphism between 
associated sheaves of realizations satisfies the same property; so we may assume that 
P — ► Q is a morphism of functors which are weak sheaves and of the form weak sheaf as- 
sociated to the realization of simplicial presheaves. We have to show that it is a homotopy 
equivalence. Suppose q £ Qx, and let F be the fiber of the morphism P\x/x Q\x/x 
over the point q. We will show that F is weakly contractible (that is, its value on ev- 
ery object is weakly contractible). First of all, the fact that the morphism of sheaves 
7To(P) — > 7i"o(Q) is surjective means that there is a sieve B over X such that for all U £ B, 
F v is nonempty. If p £ Fu, and if F\x/u is ^-truncated, then the homotopy group presheaf 
Kn{F\x/u,P) is already a sheaf (by an argument similar to that of |6lJ). By hypothesis, this 
sheaf is zero (from the long exact homotopy sequence and the isomorphism of homotopy 
sheaves of P and Q ). Thus F\x/u is n — 1-truncated. By induction, it is O-truncated. 
Hence Fu is weakly contractible. This being true for all elements of the sieve B, we can 
easily construct a point in V(B, F\g) ~ Fx- The same argument then gives Fx weakly 
contractible. Thus P —>■ Q is a weak equivalence on each fiber. But the realization of a 
simplicial presheaf is of CW-type, and the operation of taking the associated weak sheaf 
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preserves CW type, so P and Q are of CW type. Thus the morphism is objectwise a 
homotopy equivalence. We have seen (Theorem [2.2|) that this implies that it extends to 
an equivalence of flexible functors, that is it is invertible in n Flex(X). 

We get a factorization to a functor from Illusie's derived category to noFlex(X). To 
see that it is essentially surjective, note that any flexible functor can be replaced by an 
equivalent functor. We will see below that there exist functors T (the CW-free ones) 
such that for any other functor S, the space of morphisms of functors from T to S is 
equal to the space of morphisms of flexible functors. Furthermore, any flexible functor 
is equivalent to a CW-free one. From this, if P — > Q is a morphism of flexible functors, 
we can choose a CW-free functor T with an equivalence of flexible functors T — > P; if 
P was a functor then this can be chosen to be a morphism of functors, and it is then a 
quasi-isomorphism in Illusie's sense (say on the singular simplicial presheaves associated). 
The composed morphism T — > Q can, if Q was a functor, be replaced by a homotopic 
morphism of functors, giving a morphism of singular simplicial presheaves. The diagram 
P <— T — > Q is exactly a morphism in Illusie's derived category, and this maps to the class 
of our original morphism in 7r Flex(X). Finally we have to show injectivity. It suffices to 
consider the case of two morphisms fx, f% : P — > Q where P is CW-free. They are equal 
in the derived category if there is a quasiisomorphism g : T — > P such that fig = fig. 
Call this map h. There is an inverse g' : P —>■ T, a priori a morphism of flexible functors 
but since P is CW free we may replace it by a morphism of functors. Then fx and f% are 
both homotopic (in the space of morphisms of flexible functors) to the morphism hg'. By 
the result about morphisms from CW-free functors to be given below, this means that 
they are homotopic as morphisms of functors. This shows that fx = /a in the homotopy 
category. 

One last remark: the localization of the category of simplicial presheaves by Illusie 
weak equivalence, is the same as the localization of the homotopy category of simplicial 
presheaves by weak equivalence. This can be seen from |63| using the existence of a closed 
model structure |45| . (Admittedly it would be better to have a proof here which doesn't 



rely on the existence of a closed model structure...???) □ 

CW-free functors 

The "CW-free" functors we discuss below are the elementary cofibrations in the closed 
model structure on the category of simplicial diagrams defined by Bousfield-Kan M (using 
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an argument due to Quillen and later taken up by Hirschhorn ||40|1 . In view of these 
origins, in [41] we call these the elementary cofibrations for the "HBKQ model category 
structure" . 

Recall that we say that a functor T : X —>■ Top is obtained from R : X —>■ Top by a 
free addition of an n-cell if there is an object Y G X and a decomposition 



T X = R X U^ (J B\ 



(p:X^Y 

where the equivalence relation comes from an attaching map a : S n ~ 1 — > Ry and where 

771—1 



T(ijj) : = B^p is the identity on the ball. The attaching map for is R((p)a : S Tl 
Rx- 

We say that a functor T is CW-free if there is an increasing union of closed subfunctors 
Tj indexed by a well ordered set I, such that for any i, T$ is obtained from T Ki by free 
addition of an n^-cell for some n^. We may proceed by skeleta, and assume that the n» is 
an increasing function of i if we wish. 

Lemma 7.3 Suppose T is a CW-free functor from a category X to Top. Suppose S is 
a functor. Then the space of morphisms of functors Mor stnct (T, S) maps to the space of 
morphisms of flexible functors Mor(T, S) by a weak equivalence. 

Proof: We may proceed by induction on the sequence of subspaces used to define T. It 
suffices to show that the map on relative morphism spaces 

Mo r ^ ct (B n x f Y , S n x/Y , S; f) - Mor(B x f Y , S x/Y , S; f) 

is a weak equivalence. We know in both cases that this is the fiber of the morphism space 
from Tj to S, over an element in the morphism space from T Ki to S (and that the map 
of restricting morphisms is a fibration, and so on). The first question is, if the second 
space is nonempty then is the first space nonempty? This can be answered by asking a 
question about whether two points are in the same connected component in the space of 
morphisms from S X , Y to S sending the basepoint (north pole, say) to a point r\ in Sy. 
Given that both spaces are nonempty, we can complete the map from the ball to a map 
from the sphere by adding a given map on the other hemisphere. The space of morphisms 
on the ball relative the boundary is homotopic to the space of morphisms from the sphere 
relative the base point. We are reduced to showing that the map of morphism spaces for 
pointed morphisms 

Mor s ^((S x/Y , a), S; V ) - Mor((S x/Y , o), S; V ) 
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is a weak equivalence. But this is equivalent to the map of loop spaces 

Mor stlict (*x /Y , (n v ) n S) -> Mor{* x/Y , (tt n ) n S). 

These are (exactly) equal to the morphism spaces from * to the loop space, over the 
category X/Y. The first is clearly equal to (ffl^Sy, while the second is equal to the 
space of sections T(X/Y, (fl v ) n S\x/Y)- By Lemma 
morphism from the space over the object Y to the space of sections over X/Y is a weak 
equivalence. This completes the proof of the lemma. □ 

Note that this lemma takes care of what we needed for the previous proof. It gives, 
as a corollary, an analogue of Whitehead's theorem in our case. 

Theorem 7.4 Suppose T is a truncated CW-free functor, and suppose S is a truncated 
CW-free functor which is a weak flexible sheaf. Suppose that f : S —>■ T is a morphism 
of functors which induces isomorphisms on all homotopy group sheaves. Then there is a 
morphism of functors g : T —>■ S such that gf is homotopic to the identity. If, furthermore, 
T is a weak flexible sheaf and S is of CW type then the other composition fg is homotopic 
to the identity. 

Proof: The composed morphism t^S — > F^T to the associated sheaf is a weak equivalence 
in the sense of Illusie, between sheaves of CW type. By the same argument as above, it 
is a weak equivalence on each point, so it is a homotopy equivalence on each point, and 
so it extends to an equivalence of flexible sheaves. The resulting inverse map from T to S 
can be replaced by a map of functors g, by the previous lemma, and the composition gf 
is homotopic to the identity as a map of flexible functors. Applying the previous lemma 
to the space of maps from S to itself, we get that gf is homotopic to the identity as a 
map of functors. If T is already a flexible sheaf then there is no need to look at F^T, 
and we get also that fg is homotopic to the identity (first as a map of flexible functors 
then as a map of functors, again by the previous lemma). □ 



471 and the discussion in 53, the 
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8. Mapping sheaves 



Suppose S and T are contravariant flexible functors from X to a continuous category 
C. We define the functor Map{S,T) : X ^ Top by 

Map(S,T)(X) := M r*/x(S|*/x, T^/x). 

This is functorial in X: if / : Y — > X then we have a functor X /Y — > Af/X and the 
pullback for A'/F x / ^ Af/X x / gives a map 

/* : Mor x/x (S\ x/x ,T\ x/x ) -> Mor^ /y (^U/y, T|*/y), 

satisfying the strict associativity /*#* = (p/)*. 

For example, Map(* x ,T) is the functor we called KT in previous sections. 

Suppose A C B is an inclusion of contravariant functors from X to Top, and suppose T 
is a flexible functor from to Top. Suppose G G Mor x / x {B\ x / x ,T\ x / x ). We can define 
the restriction of G to A as the composition of G with the inclusion A\ x / X — > B\ x / X - 
Note that this composition can be defined canonically, since the inclusion is a morphism 
of functors. If F G Mor x (A, T), define the relative mapping space 

Map(B,T;F)(X) := {G e Mor x/x (B,T) s.t. GU = F}. 

Suppose B is a contravariant functor from X to Top. Define the suspension T.B to 
be the contravariant functor assigning to X E X the suspension of B X . If A C B is an 
inclusion, then we get an inclusion T,A C E£>. 

If 77 G T(A',T) and 5 is any contravariant functor, denote by i] S the composition of 
77 G Mor(*,T) with 5 -> *. 

Lemma 8.1 If A C B is an inclusion of functors and rj G T(X,T) then 

Map(S5, T; r/ SA ) ~ Map(5, fi^T; c\) 

where c v G r(A',r2' ? T) is the section corresponding to the constant path. 

Proof: ??? (we need a more concrete definition of the loop space ... ???) □ 

Let y — X/X with its functor p to X. For any n, define a contravariant functor Sy 
on X which assigns to each object U G X a disjoint union of n-spheres with one for each 
object of y over [/. In effect, there is one sphere for each morphism U — > X. Note that 
the 0-sphere S° is a disjoint union of two points. Let Ay C denote the union of eastern 
hemispheres in the spheres. (These are homotopic for any n.) 
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Corollary 8.2 If r] G F(X,T) then 

Moryis^T-^) ~r(y, P *((w rm _ 

Proof: Note first of all that 

Map(S y: T-rj A n) = Map y (*,p*T) ~ p*T. 
Applying the lemma n times (and noting that (Sy, Ay) = Y, n (Sy, Ay)) we get 

MapiS^T;^) ~ Map(S°, (^)™T;^o). 

Taking global sections gives the desired statement. □ 

Now suppose that the pair A C -B is equivalent by excision to the pair Ay C for 
some ^ = Af/y. Then we get 

Mor(B,T; VA ) ~ T(y, p*(W) n T). 

Proposition 8.3 Suppose that A C B is also equivalent by excision to the pair Sy^ 1 C 
Dy where Dy denotes the union of one n-disk for each object of y. Suppose that T is a 
flexible sheaf; suppose X G X and F G Mor x / x (A, T); then for a sieve B in X/X, the 
map 

Mor x/x (B\ x/x ,T\ x/x ;F\ x/x ) -> Mor B (B\ B , T\ B ; F\ B ) 
is a weak equivalence. 

Proof: Note that the restriction D y \x/x is the same as Dy, where y' = X jX xY — > X/X 
(and the same for the S n ~ r ). Thus we may replace X by X/X, so it suffices to give the 
proof in the case where X is a final object in X. With this reduction, our map is equivalent 
by excision to 

Mor x (D^,T;F\ S n-i) -> Mor B (D$\ B , T\ B ; F\ S n-i\ B ). 
We claim that this is equivalent to 

Mor y (D n ,p*T;F\ s n-i) - Mor B ,(D n , T\ B ,; F| s ™-i \ B ,), 
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where B' is the sieve over Y induced by B. This can be seen by following precisely the 
definition of morphism: a morphism consists of the data, for each composable sequence 
in X x /, going from (X n , 1) to (X , 0), of a map from (Dy) Xo to T Xn ; but since (Dy) Xo 
is the union of one disk for each morphism Xq — > Y, we can think of this as a morphism 
from D n to T Xn for each composable sequence in X/Y; note that the T Xn can then be 
interpreted as (p ast T) Xn . 

Denote F\ S n-i by F' . Let rj e T(y,p*T) be the image of a basepoint a G S"™ -1 by F'. 
If the right hand side of our morphism is empty then there is nothing to prove. Thus we 
may assume that this is not the case, and choose 

G e Mor B (D n ,T\ B r,F'\ B >). 

The map 

Mor y {S n -\p*T- r] a ) Mor B ,{S n ~\ p*^,-^,) 
is equivalent, via Corollary |8.2| , to 

T(y, (fi") n - 1 (p*T)) ^ T(B', (sr>) n - 1 ( P *T)\ B ,), 

which is a weak equivalence because p*T is a sheaf on the site y (it follows immediately 
from the definition of sheaf on X that the restriction to X/Y is also a sheaf), so the nth 
loop space is a sheaf (Corollary |6.4|). But G provides a homotopy between the element 

F'\ B , eMor B ,(S n -\p*T\ B r, VtT \ B ,) 

and f] s n~i. Therefore there exists a homotopy G' between F 1 and i] S n-i over y. More 
precisely, there exists an element 

G 1 e Mory(D n , p*T; Vir ) 

mapping to 

F , eMar y (3 n -\p*T; Vff ), 

or equivalently an element 

G' e Mor y (D n ,p*T; F'). 
Now by excision, we have the equivalence 

Mor y (D n , p*T- F') ~ Mor y (S n , p*T; G' An ) 
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where G' A „ is the element G' considered as a map on the hemisphere A n C S n . (Note 
that when we write D n , S n , A n without subscripts we mean the constant functors on the 
category y.) The same holds over the sieve £>', and the restriction to B for the left side 
of the previous equation is equivalent to the restriction for the right side. Thus it suffices 
to show that 

Mor y (S n ,p*T;G' An ) -> Mor B ,(S n , p*T\ B ,; G'M 
is a weak equivalence. By Corollary |8.2| , this is equivalent to 

T(y, (W) n (p*T)) - T(B', (nT(/>*r)| B ,), 

which is a weak equivalence since (Q v ) n (p*T) is a sheaf on y. This completes the proof 
of the proposition. □ 

Suppose B : X —>■ Top is a contravariant functor. We say that B is obtained by a 
sequence of free additions of cells if there is a filtration of B by subspaces Aj indexed by 
a well-ordered set J, such that (with the usual notations) for any j, the pair (A,-, A<j) is 
equivalent by excision to some (Dy, Sy -1 ) for some y = X/Y; and such that the first Aq 
is empty. Note that we can assume that there is a final object e in J with B = A e (at 
this step, we might not add anything to A <e ). 

Theorem 8.4 If S is a contravariant flexible functor of CW-type on X then S is homo- 
topy equivalent to a functor B obtained by a sequence of free additions of cells. 

Proof: We may assume S is a functor. We start with A empty and add the cells by 
induction on the dimension n, so as to get a map B — > S inducing an isomorphism on 
homotopy group presheaves. In each dimension, proceed in two steps. First add cells so 
as to kill off the kernel of the map in the homotopy groups of degree n — 1; then add cells 
so as to get a surjection in the homotopy groups of degree n. We add a cell corresponding 
to category y = X /Y every time we need to kill an element or add a new element in 
the homotopy over Y. This gives cells for all objects of y, but if there are too many 
they will be taken care of at the next step. Each step does not disturb the previous step. 
Finally, note that we obtain a map between functors of CW type inducing isomorphisms on 
homotopy, so it is a homotopy equivalence on each object, hence a homotopy equivalence. 
□ 

Theorem 8.5 Suppose S is a contravariant flexible functor of CW-type on a site X, and 
suppose T is a flexible sheaf. Then Map(S, T) is a weak flexible sheaf. 
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Proof: By the previous theorem, we may suppose S = B is obtained by a sequence of free 
additions of cells. Let Aj be the corresponding sequence of subfunctors. Suppose X G X 
and B G X/X is a sieve. We prove by transfmite induction that the maps 

Mor x / x (Aj\x/x,T\x/x) -> Mor B (Aj\ B ,T\ B ) 

are weak equivalences. Let j be the first element where this is not the case. We have the 
diagram 

Mor x/ x{A <:j \ X /x,T\ x /x) -> Mor B (A <j \ B ,T\ B ) 

\xm^ M or x/x{A r \ x /x,T\ X /x) -> lim«_ Mor B (Aj>\ B , T\ B ) 

where the inverse limits are over j' < j. These are inverse limits of a sequence of fibrations. 
By the inductive hypothesis, the map on the bottom is a map of inverse limits induced by 
an inverse system of weak equivalences, so it is a weak equivalence. On the other hand, 
we have the diagram 

Mar x /x{Aj\xix,T\xix) Mor B (Aj\ B ,T\ B ) 

I i 
Mor X /x{A <j \ x /x,T\ x / x ) -> Mor B (A < j\ B , T\ B ) 

where the vertical maps are fibrations. Furthermore, by Proposition |8.3| applied to the 
pair (Aj, A K j), the map between the fibers of the vertical maps is a weak equivalence. As 
we have seen, the map on the bottom is a weak equivalence, therefore the map at the top 
is a weak equivalence, contradicting our supposition that the inductive hypothesis wasn't 
true for some j. Therefore it is true for all j, including the final object e. We obtain the 
statement that 

Mor X /x{S\ x /x,T\ x/x ) -> Mor B (S\ B ,T\ B ) 
is a weak equivalence. To complete the proof of the proposition, note that 

Morx/x(S\x/x,T\x/x) = Map(S,T)(X) ~ T(X/X, Map(S, T)\ x /x), 

so it suffices to show that 

Mor B (S\ B ,T\ B ) ~ w . e . F(B, Map{S,T)\ B ). 

This follows from the following lemma (noting that Map(S, T)\ B = Map(S\ B , T\ B )). Note 
that it suffices to treat the case of sieves given by covering families. □ 
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Lemma 8.6 Suppose S andT are flexible functors on a category X with final object, with 
S of CW-type. Suppose that Z is a sieve over the final object in X , given by a covering 
family U = {U a } ae j. Then the natural morphism 

Mor z (S,T) -> T(Z,Map(S,T)) 

is a weak homotopy equivalence. 

Proof: We may assume that S is a functor. The homotopy groups of both sides may be 
interpreted as homotopy classes in the same functors applied to the pairs S x S n , S x A n ). 
To prove injectivity, it suffices to prove surjectivity for the pairs S x D n , S x S n ^ 1 ). Thus 
it suffices to prove that for any pair A C B of functors, and any F G Mor z (A,T), the 
map 

Mor z (B, T; F) -> T(Z, Map(B, T; F)) 

is surjective on ttq- Since our original S was of CW-type, we may write B as a transfinite 
union of cells (starting with A); thus it suffices to prove the above surjectivity in the case 
where (B, A) is equivalent under excision to (Dy, Sy~ x ), for a 3^ = Z/Y with Y G Z. But 
the surjectivity here is equivalent to injectivity in the case of the pair ((S n )y, Ay) (here 
we have replaced n — 1 by n for convenience in what follows). Then as discussed above, 

Mor z {B, T; F) ~ Mor y {S n , T; ij A n) 

where r] G T(y,T\y) is the point homotopic to the restriction of F to the A n over y. 
Similarly, for any X G Z we have 

Map(B,T; F){X) = Mor z/x (B\ z/x , T\ z/X ; F\ z/X ) 

~ Mor z / XxY (S n ,T\ z / XxY ; tja^z/xxy)- 
On the other hand, by Corollary |8.2| , 

Mory(S n } T; VAn ) ~ [(^) n (r|y)]y = (W-) n (Ty), 

and 

Mor z/XxY (S n ,T\ z/XxY ; VAn \ z/XxY ) ~ [(0") n (T| y )] Xxy = (ft^)"(T Xxy ). 
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Let W be the flexible functor on Z defined by Wx = Txxy- Then r\y 6 Ty corresponds 
to a point 77' G W 7 ), and our question is to show that 

ipp Y ) n {T Y ) -> r(z, (fi"') n iy) 

is an equivalence. 

We claim that the map Ty — > T(Z, W) is an equivalence. From this, the desired equiv- 
alence will follow because taking the loop space commutes with taking global sections. 

Here is where we use the hypothesis that Z is the sieve associated to a covering family 
U — {U a }aej- Let J denote the free category with products on the index set J. Let 



£m : J — > Z be the morphism determined by the covering IA. Recall from Lemma (L9 
(applied to the sieve Z over the final object e of X, determined by the covering U), that 
the pullback map 

C u :T(Z,W)^T(J,CuW) 

is a homotopy equivalence (note that W comes from a flexible functor on X). On the 
other hand, our covering family U gives a covering family W = {U a x e Y} ae j of Y. Since 
the index set is still the same, we obtain a functor 

£w : J - Af/K, 

with the property that the pullback 

&:r(*/y,T|;r /y )^r(^,£,T) 



is a homotopy equivalence — again by Lemma [4.9| applied this time to T. Note here that 
the sieve over Y generated by the covering family W is equal to X/Y since Y is a member 
of the sieve Z generated by U. Recall that 

Y{X/Y,T\ X/Y )=T Y . 

On the other hand, for an object B ai ^ ak of J ', 

whereas 

{£u'T)B ail ... iak = %a 1 X e r)Xy"Xy([/ Qi .X e Y')- 



108 



Now 

(U ai X e Y) Xy • • • Xy (U ak x e Y) = (U ai X e • • • X e C/ Q J X e F, 

and in view of the definition of ll 7 this means that 

QW = Q,T. 



From our two applications of Lemma [4.9| , we obtain the homotopy equivalence 

r(z,w) ~f(x/y,t\ x/y ) ~t y . 

This equivalence is homotopic to the map in question (??? verify ???), so we get the claim 
and hence the lemma. □ 

Remark: For the lemma, it suffices that Z admits products and fibered products — 
then construct X by adding a final object. Take for covering family the set of all objects 
of Z. 

Relative mapping functors 



Suppose X admits products. Then it satisfies the hypotheses of Lemma |8.6| above, so 
Mor(S, T) = T(X, Map(S, T)). 

Suppose R — > T and S — >• T are morphisms of flexible functors on a category X. Let 

Mor T (R,S) 

denote the space of diagrams 

R -> S 

\ I 
T . 

Let Sect(T, R) := Mor T (T } R). Note that Sect(S, S x T R) ~ Mor T (S, R). If V -> T is a 
morphism then there is a natural map 

Mor T (R, S) -> Mor v (R x T V, Sx v T). 

(Properties ???) 

The following theorem establishes the existence of relative mapping spaces. 
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Theorem 8.7 There exists a flexible functor over T, 

U ->T, 

together with an element 

f G Mor v (R x T U,Sx T U) 
such that for any morphism V — > T, i/ien i/ie map induced by £ 

Mor T (V, [/) -> Mor v (R x T V,Sx T V) 

is a weak equivalence. Consequently, the pair (£/,£) is unique up to very well defined 
equivalence. We denote this pair (or the underlying space U) by Mor(R/T, S/T). 

Proof: ??? □ 

We can also define a space of equivalences over T, denoted Isot(R, S), and an associ- 
ated relative space of equivalence 

Equiv(R/T,S/T) 

with a similar universal property. 

Corollary 8.8 The space Mor(R/T, S/T) is preserved under restriction of the underlying 
category. If X admits products, then Mor(R/*, S/*) is naturally equivalent to Map(R, S). 
If Thus if X admits fiber products and ifte Tx, the fiber of Mor(R/T, S/T)\x/x over t 
is equivalent to Map(R t , S t ) where R t and S t are the fibers of the restrictions of R and S 
to X/X , over t. 

Proof: ??? □ 

Corollary 8.9 If X is a site, and if R, S andT are truncated weak flexible sheaves, then 
Map(R/T, S/T) is a weak flexible sheaf. 

Proof: Denote Map(R/T, S/T) again by U. We have a map U — > T and we know that T 
is a truncated weak flexible sheaf and Ut is a truncated weak flexible sheaf for any t G Tx 
(since, by the previous corollary, U t ~ Map(R t , S t ) and we have shown this to be a weak 
sheaf in Theorem ^.5[ ). The degrees of truncations are uniform in X and t. This implies, 
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first of all, that U is truncated (by the long exact sequence of homotopy). We claim that 
this implies that U is a weak sheaf. For this we may assume that U and T are of CW-type. 
There is a map U — > H^U over T (since T — > H^T is an equivalence). Furthermore, 
since the construction commutes with taking fiber products, the induced morphisms 
on fibers are weak equivalences. This implies (from the long exact homotopy sequence 
and the five lemma — checking the low degree cases by hand) that U — > HU is a weak 
equivalence. Thus U is a weak sheaf. □ 

Classifying spaces 

Suppose T is a flexible functor on a site X. We say that a flexible sheaf U on X/X is 
locally equivalent to T if there exists a sieve B C X/X such that for each Y e £>, the 
restriction C/|^/y is equivalent to T\ x /y- We say that a morphism i? — > 5 /ias /ifrers 
locally equivalent to T if for any object X & X and any section 77 G T(X/X,S), the fiber 
Fib(R/S,rj) is locally equivalent to T. 

Proposition 8.10 Suppose T is a flexible sheaf on X , and suppose R—^Zisa morphism 
of flexible sheaves, such that 

Equiv z (T x Z,R) -> Z 

zs a weaA; equivalence. Then the fibers of R — > Z are locally equivalent to T. Furthermore, 
for any morphism U — > 5 wit/j /ifrers locally equivalent to T, the space of diagrams 

U -> i2 
I I ccc 

5 -> Z 

inducing an equivalence between U and R x z S, is weakly contractible. 

Proof: ??? □ 

In the situation of the proposition, we say that Z is a classifying space for T, and 
that i? — > Z is the universal fibration. Note that the morphism T — > * corresponds to 
a basepoint C £ T(X,Z). The fiber of Equiv z (T x Z,R) ^ Z over £ is equivalent to 
Equiv(T,T). Hence, we have 

rtZ ~ Equiv(T, T). 

Remark: There is a weakly defined multiplication on End(T,T); this coincides with 
composition of paths in the loop space. (????). 
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Universal characterizations and completions 

Suppose X is a site and F is a class of flexible functors on X closed under the operations 
T i — > Map(U, T) for finite CW-complexes U (considered as constant flexible functors on 
X). 

(NB In fact, we would need to do the following for classes which are only closed under 
the operations of taking pointed maps of connected CW complexes...???) 

Suppose ip : R — >• 5* is a morphism of flexible functors on X. We say that ip is an 
equivalence relative to F if, for any T G F, the map 

Mor(S,T) -> Mor(R, T) 

(obtained by composition with ip) is a weak equivalence. An equivalent condition is that 
for any R — > T with T G F, the space of diagrams 

i? -> S 

\ I 
T 

is weakly contractible. 

Similarly, we say that ip is universally an equivalence relative to F if, for any T G F, 
the map 

Map(S } T) -> Map(i?, T) 

(obtained by composition with ip) is a weak equivalence of flexible functors. Note that 
this implies the first condition when X is a site, since Mor(S,T) = T(X , Map(S,T)) by 
Lemma |3.6| , and T preserves weak equivalences (???). 

If R — > 5 is an equivalence relative to F (resp. universally an equivalence relative 
to F) and if S G F then we say that S is the F '-completion of R (resp. i/ie universal 
¥ -completion of R). 

Lemma 8.11 Suppose ip : R — > 5 is a morphism of flexible functors on X, with the 
property that for any morphism T —>■ T' of flexible functors in F ; and for any rj G 
Mor(S,T f ) , the map from the fiber of 

Mor(S,T) -> Mor(S,T') 

over r], to the fiber of 

Mor(R, T) -> Mor(R,T') 
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over the image of rj, induces a surjection on the set of path components. Then ip is 
universally a weak equivalence. 

Suppose that for any morphism T — > T' of flexible functors in F 7 any X e X , and any 
i] G Map(S, T')x, the map from the fiber of 

Mor(S\ x/x ,T\x /x ) -> Mor(S\ x/x ,T'\ x/x ) 

over i], to the fiber of 

Mor(R\ x/x ,T\ x/x ) -> Mor(R\ x/x ,T'\x/x) 

over the image of i], induces a surjection on the set of path components. Then ip is 
universally a weak equivalence. 

Proof: ??? □ 
We can give an easier criterion if we don't need to worry about the fundamental group. 

Lemma 8.12 Suppose R is a flexible functor such that for any T 6 F, the fundamental 
group of every path component of Mor(R,T) (resp. Map(S,T) x for all X e X) is abelian 
and acts trivially on the higher homotopy groups. Suppose ip : R — > S is a morphism of 
flexible functors such that for every TeF, the morphism 

Mor(S,T) -> Mor(R, T) 

induces an isomorphism on the set of path components (resp. 

Map(S, T) -> Map(R, T) 

induces an isomorphism on the homotopy presheaf ) . Then ip is an equivalence relative 
to F (resp. universally an equivalence relative to F). 

Proof: We prove the first case (??? for the universal case). Under the hypotheses of the 
lemma, the union over all path components of the nth homotopy groups of Mor(R,T) 
are just Mor(R, Map(S n ,T)). As Map(S n ,T) is also in F, the principal hypothesis 
implies that the maps induced by Mor(S,T) — > Mor(R,T) on all homotopy groups of 
all path components, are surjective. On the other hand, putting T' = Map(S l , T) we 
obtain Mor(S,T') equal to the set of conjugacy classes in the fundamental groups of 



113 



path components of Mor(S,T). We obtain the result that the maps on fundamental 
groups are injective on the sets of conjugacy classes, but this implies that the kernels of 
the morphisms consist of one conjugacy class, necessarily that of the identity; thus the 
kernels of the morphisms on fundamental groups are trivial, that is the morphisms on 
fundamental groups are injective and hence isomorphisms. Similarly, the morphisms on 
higher homotopy groups of path components are injective on the spaces of orbits under 
the fundamental groups. Again, this implies that the kernel has only one orbit, necessarily 
the orbit of the trivial element (which consists only of the trivial element), so the kernel is 
trivial. Thus the morphisms on homotopy groups of path components are isomorphisms, 
giving a weak equivalence. □ 

Suppose G = {Gj} is a collection classes of sheaves (resp. sheaves of groups for % — 1 
and sheaves of abelian groups for % > 2) on X, and suppose that G, C Gj_i. Let F 
be the class of flexible functors T such that all homotopy group sheaves Wi are in Gj. 
Suppose that F satisfies the closure hypothesis above (or at least what is necessary to 
apply the lemmas). In this case we also use the terminology equivalence relative to G or 
G- completion. 

Lemma 8.13 In the situation of the previous paragraph, if ip : R — > S is a morphism of 
functors inducing an isomorphism 

xjj* : H\S, G) H\R, G) 

for all G G Gi, then ip is an equivalence relative to G. 

Proof: ??? □ 

The Leray spectral sequence 

Suppose G is a sheaf of groups (abelian for n > 2) on X. Suppose S — > T is a morphism 
of flexible sheaves, and suppose that w Q {T) = *. Let 

Ma P f j (S,K(G,n) x T) 

denote the tower obtained by applying the relative Postnikov truncation (relative to T) 
to Map T (S, K(G,n) x T). We obtain a tower of spaces 

Morfi(S,K(G,n)) := Sect(T, Ma P f J \S, K(G,n) x T)) 
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whose limit is Mor(S, K(G,n)). Suppose rj e Mor(S, K(G,n)) projects to an element 
which we denote by 77^—1 , of Morj^~ l (S, K{G,n)). The fiber Fj(rj) over n is equal to 
Sect{T, Fibj(rj)) where Fibj(rf) is the pullback of 

Ma P f j (S,K(G,n) xT)-> Mapf j ~ 1 (S, K(G, n) x T) 

by the section 77^ _i : T — > M apf-* ~ x (S , K (G , n) x T). The fiber of 5 — > T is locally well 
defined, that is there is a covering of X (we assume X has a final object) with sections 
of T on each element of the covering, and we can look at the fibers over these sections; 
these are locally isomorphic over the fiber products of elements in the covering. With this 
understanding, we can say that Fibj{rj) — > T is a fibration with fiber which is locally of 
the form K(A,j) where A is the n—jth cohomology of the fiber of S — > T with coefficients 
in G. 

We get a spectral sequence 

E P 2 q = n-p-^SectfrFib-^ri)),^) =S> 7T- p - q (Mor(S, K(G, n)). 

This is the Leray spectral sequence in our case; note that Fibj(rj) — > T are the analogues 
of local systems of coefficients on T, and the iTi(Sect(T, Fibj(r))) : r)j) are the analogues of 
cohomology of T with coefficients in these local systems. The spectral sequence converges 
to cohomology of the upper space S. 

We introduce some notation to suggest this analogy. Put 

IV(S/T,G;n):=(Fib n -i(ri)^T) 

(locally a fibration with fiber K{A, n — i) where A is H l of the fiber of S/T), and define 

H k (T,R\S/T,G;n)) := ir n + k (Sect{T, R l (S/T, G; n)), 77). 

Then our spectral sequence (with — p — q = n — i — k and —q = n — i, thus p = k and 
q = i — n) becomes 

E k,i-n = H k^ T ^ R i( S / T ^ G;n))=> H k+l ~ n {S, G). 

This shows the analogy with the Leray spectral sequence; note that it is just shifted by 
decreasing q by n. 
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Corollary 8.14 Suppose 

S -> S' 

i i 
T -> V 

is a diagram with T and T' connected (in the sheaf-theoretic sense). Suppose that the 
morphism on fibers (which is defined locally) induces an isomorphism on cohomology with 
coefficients G in a certain class G, and that the morphism T T' induces an isomorphism 
on cohomology with all local coefficient systems which can arise. Then S — > S' induces an 
isomorphism on cohomology with coefficients G in G. 

Proof: The morphism induces an isomorphism on the E 2 term of the Leray spectral 
sequence, so it is an isomorphism on the limit. (??? basepoints ???) □ 



Local systems 

Suppose T is a contravariant flexible functor on X. A local system L over T consists 
of the data, for each X e X, of a local system L x (of abelian groups or other objects) 
over Tx] and for each : Y — > X, a morphism L((f>) : Lx — > T(0)*(Ly); such that for a 
composable pair Z ^ Y X, the diagram 

^ T(^y(L z ) 

T(0)*(L(F)) TW ^ iW) T(0)*T(^)*(L z ) 

commutes, where the vertical arrow on the right is the isomorphism given by the homotopy 
T((f>, ■0). Note that if T is a functor, then this isomorphism is the identity and we can 
write the condition more easily as 

T(0)*(L(^))oL(0) = L(0^). 

Suppose T is a contravariant functor and L is a local system of abelian groups on T. 
Then we can define the presheaf of complexes 

C^ c (T;L)x:=C shlg (Tx;L x ), 

whose values are the singular cochain complexes on T x with coefficients in the local 
systems L X - Let C'(T; L) be the sheafification of C'' prc (T; L). We define the cohomology 
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of'T with coefficients in L to be the sheaf hypercohomology H'(T; L) of X with coefficients 
in C'{T; L) (that is, take an injective resolution of C'(T; L), take the global sections over 
X and take the cohomology) . 

We can make the complex which calculates this cohomology, canonical, as follows: 
let V denote the functor direct limit over all hypercoverings, of the associated Verdier 
(hyper-Cech) complex. Then VC'{T,L) is a complex whose cohomology is H'(T,L). 
This is compatible with restrictions, and in fact if / : S — > T is a morphism of functors 
then we obtain a morphism of complexes VC'(T, L) — > VC'(S, f*L). (???) 

??? sheaf condition on L ??? 

We may think of L as a flexible functor by looking at its "espace etale" L ee with 
morphism to T. Note that here, the higher homotopies for T are lifted to give those of 
L ee , and the morphism is really a morphism of structures of flexible functor. 

We obtain a local system F(X,L) over F(X,T), defined by the condition that its 
espace etale is T(X,L ee ). 

We say that L is a sheafy local system if for any X G X and any sieve B over X, the 
morphism 

L x ^p* B T(B,L) 

is an isomorphism, where : T x — > T(X,T) is the natural map. 
If L is a local system over T, we can define V by 

(L')x:=hm^r(£,L) 

and L" by repeating this operation. Then L" is a sheafy local system, and we have a map 
L — > L". We call this the sheafification of L. 
(Universal property of L"??) 

Eilenberg-MacLane fibrations 

Suppose T is a contravariant functor which is a flexible sheaf. An Eilenberg-MacLane 
fibration of degree n over T is a morphism £ : — > T of flexible sheaves such that for any 
X G and any 77 G Tx, the fiber of £ over 77 is an Eilenberg-MacLane sheaf of degree n 
(that is, the homotopy group sheaves are trivial except in degree n). 

For the moment, fix n > 2. Suppose ( : E — > T is an Eilenberg-MacLane fibration 
of degree n. Then we define a local system L pre on T by setting L^ c to be the local 
system on Tx corresponding to the n-th homology of the fibers of ( x . Then let L be the 
sheafification of L pre . 
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Proposition 8.15 There is a canonical class k G VC n+1 (T, L) with the property that for 
any morphism of functors f : S — > T , the homotopy classes of sections of the pullback 
S Xjf th E over S are in one-to-one correspondence with the elements u G VC n (S, f*L) 
such that d{u) = /*(«). 

Proof: ??? □ 

Given a local system L over a flexible functor T, we should be able to associate an 
Eilenberg-MacLane flbration K(L, n) — > T with a section o and associated local system 
L. 

Then for any Eilenberg MacLane fibration ( : E — > T of degree n with local system 
T, we should get a section k of K(L,n + 1) and equivalence between £ and the relative 
path-space 

Pjf(K(L,n + l)) 
Projection formulas 

Suppose and ,7 are categories, and suppose £ is a presheaf of sets over X x J . Suppose 
T : X — > Top is a flexible sheaf. Let 5 = lim Xx j -/ X H be the contravariant functor from 
to Top defined by 

:= lim(S| {x}xJ ). 

Lemma 8.16 There is a natural (weak ??) homotopy equivalence 

Mor x (S,T) -> Mor* x<7 (E,prJT). 

Troo/: ??? □ 

Suppose a : ^ — > is a functor, and suppose 5 and T are flexible presheaves on [V. 
Then we can make a flexible presheaf 

Ma Py/x (S,T) 

on whose value on X is the space 

Mory/x(S\y/x,T\y /x ). 
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Here y/X is the category of pairs (Y, f) where Y E y and / : a(Y) — > X is a morphism 
in A\ Note that for X' — > X we have a functor y/X' — > y/X, so we obtain a pullback 

Mor y/x (5| y/x ,T| 3 ; /x ) -> Mo7> /x ,(% /x ,,T|y /x ,)- 

This is strictly associative, so Mapy/x{S,T) becomes a contravariant functor (which can 
be considered as a flexible functor by taking the higher homotopies to be constant). 

Lemma 8.17 The morphism given by functoriality for y / X — > y is a (weak ?) homotopy 
equivalence 

Mor y (S,T) - T(A',Ma^( 1 S,T)). 
Proo/: ??? □ 

Lemma 8.18 In the situation of the start of this subsection, there is a natural (weak ??) 
homotopy equivalence 

Mor Xx j(Z,prlT) - T(J, Map^j/j^prtT). 
Proof: ??? □ 
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9. More homotopy group sheaves 

We begin with some lemmas relating the homotopy group sheaves and presheaves. 

Lemma 9.1 IfT is an n-truncated weak flexible sheaf on X, and i] G T(X,T), then the 
presheaf 7r^ e (T,rj) is a sheaf. 

Proof: By taking loop spaces, it suffices to prove this when n — 0. But if T is a 0- 
truncated flexible functor, then for any sieve B over an object X, T(B,T) is 0-truncated 
and 7r r(£>, T) = Y {B , tvq XC {T)) . Thus T is a weak sheaf if and only if iiQ m (T) is a sheaf. 
□ 

Corollary 9.2 If T is an n-truncated weak flexible sheaf, and for i > m the homotopy 
group sheaves Hi(T\ x / x ,x) vanish for all x G T x , then T is m-truncated. 

Proof: By induction it suffices to prove this when m — n — 1; but in that case 

Trn(T\ x/x ,x) = 7T^ C (T\ X/X ,x) 

by the above lemma, so the vanishing of the homotopy group sheaves implies that the 
homotopy groups over each object vanish, and T is n — 1-truncated. □ 

Corollary 9.3 If T is a truncated weak flexible sheaf such that the homotopy group 
sheaves are all trivial, then T is weakly equivalent to *. 

Proof: In this case T is 0-truncated and 7r (T) = *. The unique morphism T — ► * is a 
weak equivalence. □ 

Local systems 

Suppose X is a category and S is a flexible functor on X . We say that a morphism 
L — > S of flexible functors is relatively n-truncated if the induced morphisms of homotopy 
group presheaves 7rf re (L\x/x, y) 7tf ie (S\x/x, s) (where s is the image of y in the sense 
described in Section ???), are isomorphisms for % > n + 2 and injective for % — n + l. This 
is equivalent to saying that for any point s G Sx, the fiber of L\ x /x S\x/x over s is 
n-truncated. 
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Suppose X is a site and L and S are truncated weak flexible sheaves. Suppose that the 
induced morphism on homotopy group sheaves is injective for % = n+1 and an isomorphism 
for i > n + 2. Then this implies that the homotopy group sheaves of the fiber of L\ x / X 
over a point s G Sx vanish above degree n (by the long exact sequence of homotopy group 
sheaves coming from a fibration). This implies that the fiber is n-truncated (because the 
fiber is also a weak flexible sheaf, by ???). Therefore the morphism L — > S is relatively 
n-truncated. Thus we may measure relative truncation using homotopy group sheaves. 

Keep the hypotheses that X is a site and S is a truncated weak flexible sheaf. A 
covering of S is a relatively O-truncated morphism L — > S such that L is a truncated 
weak flexible sheaf (in which case its degree of truncation is no worse that that of S). 
The condition that L be a weak flexible sheaf should be emphasized here since we will 
not repeat it. 

If L — > S and L' — > S are two coverings, the space of morphisms from L to V over S 
is O-truncated, so we can be a little bit less careful about defining things precisely. The 
fiber product L x $ V of two coverings is again a covering. 

A binary operation on a covering L over S is a morphism L x s L — > L over 5 (that 
is, a diagram including this morphism and the two morphisms to 5). To be precise, the 
choice of path-cartesian diagram 

Lx s L^LxL—>S 

is part of the data of a binary operation. But any two choices are equivalent by a very well 
defined equivalence, so the definition of the operation for one choice leads to a definition 
for every other choice, and these definitions are all compatible with each other up to 
very well defined homotopies, under the equivalences between choices of fiber products. 
Suppose L and V are coverings of S with binary operations. A morphism L — * L' is 
compatible with the binary operations if the two resulting morphisms L Xg L — > L' are 
homotopic. Note that this condition does not depend on the choice of fiber products or 
on the choice of the map L x$ L — > L' x$ L' induced by L — > L'. We say that two 
binary operations on the same covering L are equivalent if the identity morphism L — > L 
is compatible with them (putting one operation on each of the copies of L). 

A binary operation on L is associative if the two resulting maps Lx$ Lx$ L — » L are 
homotopic (in the space of maps over S). Again, this condition does not depend on the 
choice of fiber products, and is preserved by equivalence of binary operations. Similarly, 
a binary operation is commutative if the two maps L x s L — > L are homotopic. Given 
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two operations, we say that they satisfy the distributive law if the two morphisms 

L x s L x s L x s L ^ L 

corresponding to (a + b)(c + d) and ac + ad + bc + bd are homotopic. 

Finally, an associative binary operation admits an identity if there is a section e : 
S — > L such that the morphism L — > L corresponding to multiplication by this section, is 
homotopic to the identity. If an associative binary operation admits an identity, then the 
identity is unique up to very well defined homotopy (by the usual proof of multiplying 
two different identities together). Suppose given an associative binary operation which 
admits an identity. We say that it admits an inverse if there is a morphism L — > L over 
S such that the resulting morphism L — > L (composition of a with the supposed inverse 
of a) is homotopic to the composition L — > S A L. 

If L is a covering of 5 and if s G Sx then the /ifrer L s of L over s is defined to be 
the set 7io(Lx Xs x *)■ A morphism between coverings induces a morphism between fibers 
over any point. IfLx^L^Lisa binary operation on a covering L, we obtain a binary 
operation on each fiber L s . 

Lemma 9.4 Suppose L is a covering of S with a binary operation. Suppose L and S 
are of CW-type. The operation is associative (resp. is commutative, resp. is associative 
and admits an identity, resp. is associative and admits an identity and an inverse) if and 
only if, for all X G X and all point s s G Sx, the resulting binary operation on L s is 
associative (resp. is commutative, resp. is associative and admits an identity, resp. is 
associative and admits an identity and an inverse). Given two operations, they satisfy 
the distributive law if and only if, for any X G X and any s G Sx, the resulting two 
operations on L s satisfy the distributive law. 

Proof: We analyse the notion of morphism of coverings. Suppose L — > S and V — > S 
are two coverings, with L, L', and S weak flexible sheaves of CW type. The space of 
morphisms from L to L' over S is the space of flexible functors X x 1^ — > Top which 
restrict to the morphism L — > S over the subcategory X x {0 <— 2} and which restrict to 
the morphism U — > S on the subcategory X x {1 <— 2}. There is a subcateg ory A C J (2) 
consisting of all the objects, and all the morphisms except <— 1. The triple S, L, V with 
the pair of morphisms L — » S and V — > S corresponds to a flexible functor X x A — > Top, 
and a morphism of coverings is an extension of this to a flexible functor on X x /( 2 ) . By 
the invariance of such things under homotopy equivalences, we can replace the flexible 
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functor X x A — > Top by a functor, which is homotopy equivalent. The space of ways of 
completing this new functor to a flexible functor on X x will be the equivalent to the 
old one, and this equivalence preserves the morphisms between the fibers (note that S 
itself is replaced by an equivalent functor, so there are a few things which need to be said 
about fibers over points in the old S versus the new one — these can safely be left to the 
reader). We can now replace L by r^L and we can replace V by the path fibration over 
S, so we may assume that L — > S and U — > S are morphisms of functors, with L x a CW 
complex for all X and L' x — > S x a fibration for all S. Now the canonical composition of 
morphisms of flexible functors L — > L', with the morphism of functors L' — > S, gives a 
map 

Mor(L, L') -> Mor(L, S). 

One can see that it is a fibration, using the fact that the values of L are CW complexes 
and the values of V — > S are fibrations. The canonical composition gives an equivalence 
between Mor(L, L') and the fiber of Mor 2 (L, L', S) over the given element of Mor(L', S). 
Our space of morphisms in question is the fiber of Mor 2 (L, V , S) over the given point 
in Mor(L,S) x Mor(L',S) (this map is a fibration). This fiber can be calculated by 
first taking the fiber over the point in Mor(L',S) and then taking the fiber over the 
point in Mor(L, S). Via the equivalence given by the canonical composition, this is 
equivalent to the homotopy fiber of Mor(L, L') over the given point in Mor(L, S). But 
since this map is a fibration, the homotopy fiber is equal to the actual fiber. Thus the 
space of morphisms from L to L' over S is equal to the fiber of Mor(L, L') over the given 
element of Mor(L, S). We can now make this explicit. An element here consists, for each 
composable sequence 0i, . . . , (pk in X, each increasing sequence e. of numbers or 1, and 
each sequence t±, . . . , tk-i, of a commutative diagram 



Lx ~ 




I 


i 


Sx - 





satisfying the required properties of continuity in t, and the required properties for ti = 
or ti — 1. The space of such diagrams, for a given morphism X <— X^, is O-truncated, 
because L and V are O-truncated over S. Thus the required family of maps exists (and 
the space of them is weakly contractible) for composable sequences of length k > 3. For 
k — 2, the space of choices is either empty or weakly contractible. For k — 1 the space 
of choices is O-truncated. The space of all choices (for all composable sequences) is equal 



123 



to the space of choices for all composable sequences of length one, such that for the 
composable sequences of length two the required map exists. In particular, the space of 
choices is O-truncated, and two choices are homotopic if and only if they are homotopic 
for each composable sequence of length one. By analysing this a bit more closely (using 
the fact that each morphism in X x / decomposes as a morphism in X times a standard 
horizontal morphism), one sees that the space of choices is equal to the space of choices 
of a diagram 



for each X £ X, subject to a compatibility condition: for each morphism X — > Y in X, 
the diagram 



commutes up to homotopy relative to Sx- 

It is now easy to see that if two morphisms /, g : L — > V of coverings over S induce the 
same morphism on all fibers, then they are homotopic; because the diagrams as above over 
each X are then homotopic. This implies the statement of the lemma for associativity, 
commutativity, and distributivity. 

For the existence of the identity, suppose that an associative binary operation admits 
an identity on each point. Then over each Sx we obtain a covering with associative binary 
operation admitting an identity in each fiber; since the identity element in each fiber is 
unique, it is fixed under the action of the fundamental group of the path component of 
Sx, so there is a section ex '■ Sx — > Lx- This is the unique section restricting to the 
identity elements in the fibers. We have to check that these sections satisfy the required 
compatibility condition. Suppose X — > Y is a morphism. The identity element in the 
fiber of Ly over s e Sy maps to the identity element in the fiber of Lx over the image 
sx, since the map Ly )S — > Lx, Sx i s a map of sets with binary operation. This allows us to 
verify commutativity of the required diagram (using the fact that a morphism of coverings 
is determined up to homotopy by the morphisms on the fibers). We obtain the required 
section e : S — > L. 

A similar argument gives the construction of the involution L — > L sending an ele- 
ment to its inverse for the operation (again, the restriction maps on fibers preserve the 



L x 
I 

Sx 




L x 
i 

Ly 
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operations, so they send the inverses of an element to the inverses of the image of that 
element). □ 

Similar considerations hold for operations among several coverings (which will be used 
in the case of modules over a ring, for example). 

A local system of groups over S is a covering L — > S together with a binary operation 
which is associative, and admits an identity and an inverse. It is an abelian local system 
if, in addition, the operation is commutative. A local system of rings is a covering A — > S 
together with two associative binary operations denoted • and +, both admiting identities 
denoted 1 and respectively, such that + admits an inverse, and such that they satisfy 
the distributive law. If A is a local system of rings, then we can similarly define the notion 
of a local system of A-modules M. 

Suppose S — *, and L is a covering of S. Then tt (L) is a sheaf of sets on X. 
Any operations on L as defined above give corresponding operations on the sheaf tto(L), 
and conversely, given any operations on n (L) we get corresponding (very well defined) 
operations on L. Similarly for morphisms of coverings and morphisms of sheaves. By 
these constructions, we shall think of the theory of coverings of * as being equivalent to 
the theory of sheaves on X. 

Suppose A is a local system of rings on S, and suppose that L, M, and iV are local 
systems of A-modules. A map of coverings L x M — > iV is A-bilinear if the map on fibers 
L s x M s — > N s is A s -bilinear for all points s e Sx, all X e X. The tensor product L®^M 
is a local system of A-modules with an A-bilinear map L x M — > L ®a M satisfying 
the universal property that for any A-bilinear map L x M — > iV there is a factorization 
L ®a M N which is unique up to homotopy. This characterizes the tensor product 
up to an isomorphism which is unique up to homotopy (and note that the homotopy is 
very well defined since the space of maps between coverings is O-truncated) . The tensor 
product may be constructed as above, by taking the tensor product of the local systems 
of modules over each space; this satisfies a universal property in terms of things which 
are like coverings but which are not sheaves (and this universal property also provides the 
uniqueness needed to make the construction); then sheafify, and this satisfies the universal 
property for coverings (which are, by definition, sheaves). 

If / : S — > T is a morphism of weak flexible sheaves, and if L is a covering of T, then 

put 

f*(L) = Lx T S. 
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It is a covering of S. If L comes with some binary operations satisfying certain axioms, 

Relative truncation 

Suppose T — > S is a morphism of flexible functors. We define the relative presheaf 
truncation 

t?:(t/s) - 5 

by replacing this morphism with a morphism of functors, then applying a canonical fiber- 
wise truncation over each object. To define a canonical fiberwise truncation of a morphism 
A — > of topological spaces, consider the following operation (k-killing): for each mor- 
phism S* fc — > A and 5 fe+1 — > 5 such that the composition of the first with the map A — > 5 
is the boundary of the second, add a cell to A with the given boundary, and with 

map to B as given. Note that this is natural with respect to morphisms of the diagram 
A — > B. To obtain the truncation r<^, apply this operation for k — n, k — n + 1, and so 
forth, then take the union of all of the spaces. 

There is a commutative diagram (that is, a flexible functor from X x I x 7 to Top): 

T - rf n c (T/S) 

I I 
5 = 5. 

The relative truncation is relatively n-truncated over S, and has the property that 
for any morphism R — > 5 which is relatively n-truncated, the map from the space of 
morphisms t^(T/S) — > i? over 5, to the space of morphisms T — > i? over 5, is a weak 
equivalence. (Proof ???). In particular, the space of morphisms (over S, and with the 
map from T) between any two relative truncations is weakly contractible and weakly 
equivalent to the space of equivalences (over S and with the map from T) which maps to 
it. 

If T — > S is a morphism of truncated weak flexible sheaves, define 

r<n(T/S) 

to be the sheafification of t<*(T/S). There is again a morphism T — > r< n (T/S) over 5. 
This sheafified relative truncation is again relatively n-truncated over 5 (proof ???) and 
satisfies the same universal property as above, for relatively n-truncated morphisms of 
weak sheaves R — > 5 (this comes from the universal property of sheafification). 
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Relative truncation commutes with pathwise fiber products, that is there is a canonical 
equivalence (very well defined by the universal properties) 

r< n (T/S) x s S' = T< n (Tx s S'/S'). 

In particular, the fiber of the relative truncation over a point s G Sx is the relative 
truncation of the fiber of T over s. 

Relative homotopy groups 

Suppose T — > S is a morphism of weak flexible sheaves on a site X, and suppose 
S —> T — > 5 is a section. Put 

^(T/S) :=5xP ath S 

with its map to 5 (fix the second projection, for example, but note that both projections 
are homotopic). We call this the relative loop space. There is a map 

Q a (T/S) xf th Q a {T/S) -> Q a {T/S) 

easily obtained from the definition, and which corresponds to concatenation of loops. If 
s G Sx then the fiber of Q a (T/S) over s is the loop space of the fiber of T over s, based 
at a(s). The operation restricts to the operation of concatenation of loops on this fiber. 
In particular, after taking the relative O-truncation, we obtain an associative operation 
with identity and inverse. 
Define 

n (T/S) = r< (T/5) 

and for i > 1 put 

We call these the homotopy local systems ofT over S based at a. They are local systems 
of groups, and abelian groups for i > 2. (Note that the commutativity holds by checking 
it on the fibers.) If s G Sx then the fiber of the homotopy local system over s is the 
homotopy group sheaf of the fiber of T over s, that is 

TTi(T/S,a) s = 7Ti(T\ x/x Xs\ x/X *,<r(s)) 

where product is by the morphism s : * — > S\x/x- 
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Formation of the homotopy local systems commutes with fiber products: if / : S' — ► S 
and T — > S are morphisms of truncated weak flexible sheaves, and if o : S — > T is a 
section, then 

TCi(T x s S'/S',(r\ s ,) = f*m(T/S,<T). 

A morphism T —>■ S between truncated weak flexible sheaves is relatively n-truncated 
if and only if the homotopy local systems 

n t (Tx s T/T,l) 

formed using the identity section T — > T x s T, vanish for i > n. (proof ???) 

Relative Eilenberg-MacLane sheaves 

Suppose S is a truncated weak flexible sheaf of CW type, suppose G is a local system 
of groups over S, and n a positive integer. If T — > 5 is a morphism, cr : 5 — > T is a 
section, and rj : G — > n n (T/S, a) is a morphism of local systems of groups over S, then we 
say that (T/S,a,rj) is a K(G/S,n) if T is a truncated weak flexible sheaf of CW type, 
if n (T/S) = S, if TCi(T/S,cr) = for i ^ n, and if rj : G = ix n (T / S,a). If this exists for 
n > 2 then G must be abelian. 

We say that (T/ S, a) is a relative Eilenberg-MacLane sheaf of degree n over S if, when 
we put G = ir n (T/ S, cr) and i] equal to the identity, then (T/S, a, ip) is a K(G/S, n). 

Note that a relative Eilenberg-MacLane sheaf of degree n over S is relatively n- 
truncated over S (apply Corollary [T2] to the fibers). 

We make a similar definition for any covering G, for n = 0. 

Theorem 9.5 Suppose G is a local system of groups (abelian for n > 2) over a trun- 
cated weak flexible sheaf of CW type S. Then there exists a triple (T/S,a,rj) which is 
a K(G/S,n). If (T/S, a, rj) and T'/S,a',r}') are two such, then the space of morphisms 
T — > T' over S and compatible with rj and r( is weakly contractible; and the space of 
equivalences over S is also weakly contractible ( and hence every morphism extends to an 
equivalence) . 

We will prove this theorem in several steps. First of all, we treat the case where S = *. 
We speak of Eilenberg-MacLane sheaves instead of relative Eilenberg-MacLane sheaves, 
in this case. 
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For any covering G of S (n = 0), local system G of groups (n = 1) or local system G 
of abelian groups (n > 2) we can construct a standard Eilenberg-MacLane sheaf K st (Q , n) 
as follows: there is a construction of the Eilenberg-MacLane space K(G, n) which is 
functorial in G; use this to construct a presheaf K pre (Q,n) with a sectoin denoted o, 
whose homotopy group presheaves are trivial except for Q in degree n; then put 

K st (G,n) :=F 00 K^ e {g,n). 

(is the next lemma actually contained somewhere else ???) 

Lemma 9.6 If S ^ T is a morphism of truncated weak flexible sheaves of CW type 
and if t G T(X,T) then this can be completed to a fibration diagram Q — > S — > T wift 
basepoint t, such that Q is a weak flexible sheaf. This fibration diagram induces a long 
exact sequence of homotopy group sheaves (for a basepoint q G T(X,Q) and its image s 
in S). 

Proof: We can complete the morphism into a fibration diagram Q — > S — > T with t as 
the basepoint in T. Applying the functor preserves the property of having a fibration 
diagram, and it preserves S and T; thus we obtain a fibration diagram with F^Q as 
the fiber, which is a flexible sheaf. By uniqueness of the fibration diagram (Lemma |6.2|) , 
Q ~ FooQ, so Q was a flexible sheaf. The fact that the fibration diagram is homotopic to 
a fibration over every object gives a long exact sequence of homotopy group presheaves 

. . . ttHQ, q) - TrTte s) - Trf 6 (T, t) - nfl\(Q, q) - . . . 

for any g G and s, t the images in S and T. Sheafifying we get a long exact sequence 
of homotopy group sheaves 

• • • n{Q, q) -> 71*09, s) -> 7rj(T, t) -> vr^^Q, g) -> . . . 

as desired. □ 

Lemma 9.7 Suppose (S,s,rj) and (T,t,() o,re Eilenberg-MacLane sheaves K(Q,n) and 
K(G',n). Suppose we have a morphism ip : Q — ► Q' . Then the space 

Mo4((S,s,r,),(TM)) 

of pointed morphisms compatible with ip via the isomorphisms T},£ is a nonempty con- 
tractible space. 
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Proof: We first prove this in the case where S is the standard Eilenberg-MacLane sheaf 
constructed above. By Theorem |6.11| , it suffices to prove that the space of pointed 



maps from (S',s') = (K pre (Q,n),o) to (T, t) is nonempty and contractible. But since 
the values Tx are n-truncated, and the values S Y are obtained by attaching cells of 
dimension > n, the spaces of choices of higher homotopies for the morphism S' — > T 
are weakly contractible, and the space of choices in any case is O-truncated. Thus, 
Mor%((S,s,rj),(T,t,Q) is O-truncated. Its homotopy group 7r is equal to the set of 
choices of morphisms f v : S Y —* T x for each cp : X — > Y in X, subject to the conditions 

f(a(3) = f((3)S'(a)=T((3)f(a). 

The set of choices of a morphism S Y — > Tx is the same as the set of group homomorphisms 
Qx — ► G'y The set of choices of / becomes equal to the set of choices of f(lx ) : Gx — > Q'x 
such that 

f{lx)S'{ V ) = T(tp)f(l Y ) 

for ip : X — > Y; this is just Homx(G, G')- This completes the case where S is a standard 
Eilenberg-MacLane sheaf. 

Apply this to the case where G = G' ■ This shows that for any Eilenberg-MacLane 
sheaf (T, t) of the form K(G, n) there is a morphism from the standard (S, s) to (T, t) 
inducing an isomorphism on the unique nontrivial homotopy group sheaf. Complete this 
to a fibration diagram Q — > S — > T with Q being the fiber over t. By the long exact 
sequence for homotopy group sheaves, the homotopy group sheaves of Q are trivial. By 
Corollary |9l|, this implies that Q is weakly contractible. As S and T are of CW-type, 
this implies that the morphism (S, s) — > (T, t) is an equivalence. This shows that any 
Eilenberg-MacLane sheaf is equivalent to a standard one. Our argument above thus 
applies to any (S, s). □ 

In the situation of the above lemma, the functor 

Y h- Mo4 /Y ((S,s,ri)\ x/Y , (T,t, OM 

is a weak sheaf denoted Map^((S, s, rj), (T, £,£))• By applying the above lemma to each 
X/Y we find that it is weakly equivalent to *. 

Proof of Theorem We now turn to the situation of Theorem [97|. Suppose (T/S, a, rj) 
and (T' / S,o~' ,r] f ) are respectively K(G/S,n) and K(G' / S,n). Suppose ip : G — > G' is a 
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morphism of local systems on S. Then we can define a relative mapping space 

Map^(T/S,a', V ),(T'/S,a', V ')), 

with the same properties as in the standard case developed in section ???. But the fiber 
of this over any point t G Sx is the mapping sheaf Map^((T s ,a(s),r]), {T' s ,a' s1 rj') which 
we have seen to be equivalent to *. This implies that the morphism 

Map^{T/S,a', V ),{T'/S,a', V ')),^S 

is a weak equivalence, and by the defining property of the relative mapping space, (applied 
to S) this implies that the space of morphisms over S 

Mort((T,a,r]),(T',<j',r)')) 

is weakly contractible. If G — G' and ip is the identity, the same argument goes through 
to prove that the space of equivalences over S, respecting base point and rj, is weakly 
contractible. This gives the second statement of the theorem. To complete the proof, we 
just have to note that there is a functorial construction of a relative Eilenberg-MacLane 
space over each Sx, for any local system Gx over Sx- Piece these together to get the 
desired Eilenberg-MacLane presheaf, then sheafify. □ 

Armed with this existence and uniqueness result, we can speak of "the" Eilenberg- 
MacLane space K{G/S,n). Denote by o the basepoint, and by rj the isomorphism of 
homotopy group sheaves. 

The abelian category of local systems on S 

If S is a truncated weak flexible sheaf of CW type, then the category of pre-local systems 
of abelian groups (that is, local systems in the trivial topology) over S forms an abelian 
category in an obvious way. Here we take n of the morphism spaces as the morphism 
sets. The kernels and cokernels are obtained just by taking kernel and cokernel over each 
object. 

Lemma 9.8 The category of local systems of abelian groups over S forms an abelian 
category, and the functor "sheafification" from the category of pre-local systems to the 
category of local systems is exact. In particular, the kernel and cokernel of a morphism 
of local systems are obtained by sheafifying the pre-local system kernels and cokernels. 
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Proof: ??? 



□ 



Lemma 9.9 (Suppose the site X has enough points.) The category of local systems of 
abelian groups over S has enough injectives. 

Proof: ??? □ 

Because of this lemma, we obtain derived functors Ext l (L, M) of the functor L,Mh 
Hom(L, M), with a long exact sequence. 

Homology 

Suppose T — > S is a morphism of truncated weak flexible sheaves of CW type. We 
define the homology local systems H^T/S) on S as follows. For each X let Hf TC (T/S) x — > 
X be the local system of homology groups of the homotopy fibers of T x — > Sx- The 
structure of morphism of flexible functors on T gives the information necessary to give this 
the structure of flexible functor. Then let H^T/S) be the weak flexible sheaf associated 
to Hf c (T/S). 

Note that if / : S' — > S is a morphism of truncated weak flexible sheaves of CW type 
then 

H i (Tx s S'/S') = f*H i (T/S). 

If p : S" — > T is a morphism then there is an obvious map of local systems on S", 

tfw, : 7r,(T x 5 S'/S',p) -^H t (Tx s S'/S'), 

which we call the "Hurewicz map". It is compatible with the previously mentioned base 
changes. 

We can also define homology with local coefficients. If L is a local system of abelian 
groups on S and if S — > T is a morphism then we obtain local systems H l (S/T, L) over 
T. These are obtained by taking the pre-local systems of homology of the fibers with 
coefficients in L, and sheafifying. Note that if U is any pre-local system we can define a 
pre-local system of homology H pre (S/T, L'). 

Lemma 9.10 Suppose S — > T is a morphism of truncated weak flexible sheaves of CW 
type. Suppose L' is a pre-local system on S and let L' — > L be the morphism to its 
sheafification. Then the induced morphism 

Hf TC S/T, L') -> H PIC (S/T, L) 

gives an isomorphism of sheafifications. 
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Proof: ??? 



□ 



Corollary 9.11 Let Z denote the sheafification of the constant local system Z. Then 
there is a natural isomorphism 

H t (S/T) = H t (S/T,Z). 

Proof: Note that Hf re (S/T) = Hf ie (S/T,Z). This induces an isomorphism between 
Hi(S/T) and the sheafification of Hf rc (S/T,Z). By the lemma, this sheafification is 
isomorphic to H^S/T.T). □ 

We have a Serre spectral sequence for homology. Suppose R — > S — > T are morphisms 
of truncated weak flexible sheaves of CW type, and L is a local system on R. The Serre 
spectral sequence over each object X <E X is functorial and independent of homotopy, so 
it gives a spectral sequence of pre-local systems on T, 

E%* = Hr(S/T,Hj rc (R/S,L)) =► Hf^R/T, L). 

The sheafification of a spectral sequence remains a spectral sequence (by Lemma ???, 
exact sequences of pre-local systems are turned into exact sequences of local systems, 
under sheafification). The E^-term may be calculated using the previous lemma: first 
taking the sheafification of the local system Hj Te (R/S, L) and then taking the sheafified 
homology, gives the same thing as sheafifying the whole term at once. Thus we get a 
spectral sequence 

= Hi(S/T,Hj(R/S,L)) => H i+j (R/T,L). 

Note that, by the previous corollary, putting L = Z gives a spectral sequence 

El' j = H t {S/T,H 3 {R/S)) => H i+j (R/T). 

Suppose T — > S is a morphism of truncated weak flexible sheaves of CW type, and 
suppose that itq{T/S) is trivial (equal to S), and for any morphism p : S' — > T and any 
% < n, the relative 7Tj(T X5 S'/S',p) is trivial (equal to S"). Then we say that T — > 5 is 
relatively n-connected. 

Lemma 9.12 Suppose f : S — > T is a relatively 1-connected morphism of truncated weak 
flexible sheaves of CW type. Then any local system on S is pulled back from T , or more 
precisely for any local system L on S, if we put M := H (S/T,L) we have a natural 
isomorphism L = f*M. Furthermore, M = H {S/T, f*M). 
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Proof: ??? 

We have the following "Hurewicz theorem" . 



□ 



Lemma 9.13 Suppose T — > S is a morphism of truncated weak flexible sheaves of CW 
type, which is relatively 1-connected. Suppose H^T/S) = for i < n. Then T — > S is 
relatively n — 1-connected, and for any morphism p : S' — > T the Hurewicz map is an 
isomorphism 

tt„(T x 5 S'/S',p) H n (T x s S'/S'), 

Proof: By an inductive argument, we may assume that T — > 5 is relatively n— 1-connected, 
and it suffices to show that the Hurewicz map is an isomorphism. We may also suppose 
that S — S' — *, since a map of local systems which is an isomorphism over each point 
is an isomorphism. Then p becomes a point in T(X,T). Let q denote the image of p in 
T(X, t<*-i(T), and let T' be the fiber of the map T — > r<^_ 1 (T) over q. The hypothesis 
that T is n — 1-connected means that the morphism T' — > T induces an isomorphism on 
associated weak flexible sheaves. Therefore the horizontal maps in the diagram 

7rr(T',p) - vrr(T,p) 

I I 

induce isomorphisms on associated sheaves. But for every X e X, T' x is n — 1-connected, 
so the vertical map on the left is an isomorphism. This implies that the vertical map on 
the right induces an isomorphism on associated sheaves, as desired. □ 

These homology local systems behave functorially with respect to morphisms S'/T' — > 
S/T: given such a morphism (which is really a diagram, that is to say a flexible functor 
X x I 2 — > Top) we get a morphism H^S'/T') — > f*Hi(S/T), where / is the morphism 
from T" to T. For fixed /, this is invariant under homotopy of the rest of the diagram. 
Under a composition of morphisms, this induced morphism for the composition is equal 
to the composition of the induced morphisms for the components. All of the construc- 
tions done so far are compatible with this induced morphism on homology. There are 
similar statements for homology with coefficients in a local system, and the Serre spectral 
sequence is compatible with these pullbacks. 

Unpointed Eilenberg-MacLane spaces 
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Suppose n > 2 and suppose L is a local system of abelian groups on S. Suppose 
T — > 5 is a morphism, with S 1 and T truncated weak flexible sheaves of CW type. Suppose 
ip : H n (T/S) — > L is a morphism of local systems. We say that the pair (T/S,ip) is a 
relative unpointed Eilenberg-MacLane space K*{Lj S,n) if T — > 5 is relatively n-truncated 
and relatively n — 1-connected, and if tp is an isomorphism. 

Note that in the above case, if a : S — > T is a section, then (T/S,a,ip o Hur) is a 
relative Eilenberg-MacLane space K(L/S,n). 

If (T/S*, ■?/>) is a relative unpointed Eilenberg-MacLane space K*(L/S, n) and if S' — > 5" 
is a morphism of truncated weak flexible sheaves of CW type, then the induced map 
if)' : H n (T x s S'/S f ) — > L x 5 S" gives (T Xg S'/S',ip') a structure of relative unpointed 
Eilenberg-MacLane space K*(L x s S'/S',n). 

We give a classification (analogue of the standard thing in topology) of relative un- 
pointed Eilenberg-MacLane spaces. Fix n > 2. Suppose 5 is a truncated weak flexible 
sheaf of CW type, and suppose L is a local system of abelian groups on S. Then the 
morphism 

S ^ K(L/S,n+1) =: B 

is a relative unpointed Eilenberg-MacLane space K*(L x$ B/B,n). The next lemma 
essentially says that relative unpointed K*(L/S,n) are classified by sections of B/S. 
This, of course, gives a similar statement for spaces K*(L x s S' / S', n) using base changes. 

Lemma 9.14 With this notation, suppose T — > S is a relative unpointed Eilenberg- 
MacLane space K*(L/S,n). Then the space of pairs (f,g) where f : S — > B = K{L/ S,n+ 
1) is a section and g : S x ,bj S ~ T is an isomorphism over S (the first being over S 
via the second projection), is weakly contractible. 

Proof: ??? □ 

Note that the space T will have a section if and only if / is homotopic to the basepoint 
section o. 

Postnikov towers 

By using the same definitions as in Section ???, we obtain notions of towers of flexible 
functors, or of (weak) flexible sheaves. 

If A is a tower of flexible functors from X to Top then Y{X,A) is a tower of spaces. 
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Lemma 9.15 A tower of flexible functors may be considered as a flexible functor on 
X x Af. We obtain F(X,A) on Af and T(Af,A) on X. These commute up to homotopy 
in the sense that 



T(X,T(Af,A))~T 



(Af, T(X, A)) ~ Y(X x Af,A). 



Proof: Left to the reader. 



□ 



Recall that we have a truncation operation for a weak flexible sheaf of CW type 
S, yielding a weak flexible sheaf of CW type T< n (S) with a morphism from S; and a 
relative truncation for a morphism S — > T yielding a weak flexible sheaf over T, denoted 
T<n{S/T) — > T, with a morphism from S relative to T. 

Note that the absolute case is a special case of the relative case, where T — *. 

In what follows, we concentrate on these truncation operations for sheaves; there are 
similar but easier statements for the operations t<^\ 

We have morphisms r< n (S/T) — > r< n -i(S/T), so we obtain the sheafified Postnikov 
tower t(S/T) for S over T. This is horizontally relatively truncated and if S and T were 
truncated to begin with then the sheafified Postnikov tower is completely truncated. 

Lemma 9.16 Suppose S is a truncated weak flexible sheaf over another one T , and sup- 
pose a : T — > S is a section. We obtain a section also denoted by a of T< n (S/T). The 
natural morphism induces isomorphisms of homotopy local systems 



for i < n. Note that the homotopy local systems on the right are zero for i > n. 

Proof: The natural morphism induces isomorphisms of homotopy group pre-coverings 
(the obvious modification of the definition of covering to allow things which are not 



sheaves) nf re (S/T, a) nf re (r^(S/T)/T,a) for i < n, and hence of the associated 



sheaves of groups. As the homotopy local systems are preserved by the operation of 
taking associated flexible sheaf (this is the local system version of the statement that 
homotopy group sheaves are preserved by taking associated flexible sheaves), we obtain 



It follows from this lemma that the morphism r< n (S/T) — > r<„_ 1 (S'/T) is relatively 
n-truncated and relatively n — 1-connected. Suppose n > 2. Let 



^{SlT,a)^n{T< n {S/T)lT,a) 



the result. 



□ 



Qr^H^r^Sm/r^S/T)) 
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be the relative homology sheaf. The morphism from the nth truncation to the n— 1st trun- 
cation is a relative unpointed Eilenberg-MacLane space of the form K*(Qi/T< n -i(S/T),n). 
Note that by Lemma ???, the local system Qi is the pullback of a local system P on 
t<i(S/T). Also, by Lemma ???, the morphism T< n (S/T) — > T< n -i(S/T) is classified by a 
map 

r< n _ 1 (S , /T) - K(P i /r< 1 (S/T),n + 1) 

over t<i(S/T). In the terminology below, this is the cohomology invariant of the nth 
stage in the Postnikov tower. 

In general, if T — > 5 is a relatively 1-connected morphism then we define ir n (T/S) to 
be the local system on S whose pullback to T< n -i(T/S) is the homology 

H n (r< n (T/S)/T< n - 1 (T/S)). 

If a : S — > T is any section, then 7r n (T/S,a) is canonically isomorphic to n n (T/S) (but 
this latter is defined even if no such section exists). 

If R — > T — > 5 is a pair of relatively 1-connected morphisms, then we write n n (R/T/ S) 
for the local system on S whose pullback to T is n n (R/T). 

Lemma 9.17 Suppose {T n / S,T n / S — > T n _ 1 /S'} a vertically truncated tower of trun- 
cated weak flexible sheaves of CW type which are relatively 1-connected over a base S . 
Then the limit is truncated and relatively 1-connected over S, and there is a spectral 
sequence of local systems on S, 

E P 2 ' q = n^T^/T^/S) tt_ p _,(T 00 / 1 S). 

Proof: ??? □ 

Of course, this gives nothing new when applied to the Postnikov tower itself. 

Cohomology 

Suppose S — > T is a morphism of truncated weak flexible sheaves of CW type. Suppose 
L is a local system of abelian groups on S. For any n we obtain the relative Eilenberg- 
MacLane space K(L/S,n) — ■> S, with base section o. We have natural isomorphisms 
Q (K(L/ S,n)/ S) = K(L/S,n — 1). Define the cohomology local systems 

H\S/T,L) := 7T (Sect{S/T,K{L/S,i)/T),o) 

over T. These have structures of local systems of abelian groups given by the following 
lemma. 
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Lemma 9.18 For any n there is an isomorphism 

H\S/T, L) = n n (Sect(S/T, K(L/S, i + n)/T), o) 

of local systems on T , induced by the isomorphisms 

K{L/S,i) (Q°) n (K(L/S,i + n)/S); 

and for various n these induce the same structure of abelian group on the cohomology local 
system. 

Proof: ??? □ 
Suppose 

S' A S 
I i 

rpl rp 

is a diagram, and suppose L and L' local systems on S and S' respectively. Suppose 
: g*L — * V is a morphism of local systems. Then induces a morphism 

f*H\S/T,L) -> H^S'/T^L'). 

These morphisms satisfy a functoriality when there is a composable diagram of diagrams; 
and they depend only on the homotopy class of the diagram above a fixed /. 
(construction — proof ???) 

Theorem 9.19 (Universal coefficients theorem) (Suppose that X has enough points.) 
Suppose f : S — > T is a morphism, and suppose L is a local system on T. Then there is 
a spectral sequence of local systems on T , 

= Ext\Hj{S/T),L) H i+j (S/T, f*L). 

This is compatible with the morphisms of functoriality established above. 

Proof: ??? □ 

The Leray-Serre spectral sequence 
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Theorem 9.20 Suppose R — > S — > T a composable pair of morphisms of truncated 
weak flexible sheaves of CW type. Suppose L is a local system on R. Then there is a 
spectral sequence (called Leray-Serre j 

E l 2 ' j {R/S/T, L) = H l {S/T, H j (R/S, L)) H l+1 {R/T, L). 

Proof: ??? □ 

We need to know that the Leray-Serre spectral sequence is compatible with morphisms. 
Suppose 

R' -4 R 

I I 
S' -> S 

i i 

rpt f ^ rp 

is a morphism of collections of data which go into the Leray-Serre spectral sequence, and 
suppose L and L' are local systems of abelian groups on R and R! respectively. Suppose 
: g*L — > V is a morphism of local systems. 

Lemma 9.21 In the above situation, there is a morphism of spectral sequences 

f*El' j {R/S/T,L) -> Ei' j (R'/S'/T',L') 
which is the morphism induced by on the E 2 and the Eoo terms. 

Proof: ??? □ 



Calculation of the space of global sections 

So far, everything we have done has stayed inside the realm of flexible sheaves on X . 
We now discuss what happens when we take global sections to recover some information 
of topological spaces. Recall that the space of morphisms Mor(S, T) is equal to the global 
sections of the mapping space Map(S,T). Similarly, the space of sections of a morphism 
T — > S is the global sections of the section space Sect(S,T). Thus it suffices to treat the 
case of taking global sections of one particular flexible sheaf. (Although there might be 
some other nicer statements in the other cases...???.) We restrict to the absolute case, 
and speak of Eilenberg-MacLane spaces instead of relative ones, for example. 
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Corollary 9.22 The fibers Fi(rj) in the sheafified Postnikov tower for X are locally Eilen- 
berg MacLane sheaves locally of the form K(Qi, i) where Qi are the homotopy group sheaves 
of T based at a point rj G T(X,T<i-iT). 

Proof: Where basepoints exist, the long exact sequence for homotopy group sheaves, and 
the previous lemma, imply that the homotopy group sheaves of the fibers ^(77) vanish, 
except in degree i. □ 

We obtain a tower of spaces 

Pi(X,T):=r(X,T<ST), 

with fibers Fi(X,T;rj) = T(X : F^rj)). If T is truncated then this tower is completely 
truncated, and the limit is T(X,T). We obtain a spectral sequence 

E P 2 ' q = 7r_ p _,(r(*,F_,(77)),77) => n^ q (T(X,T), V ). 

We use the following lemmas to calculate the E 2 term. 

Remark: In the Postnikov tower, the fibers are locally of the form K(Q,i). Thus 
there is no guarantee that the space T(X, F^rj)) is nonempty. But if it is nonempty, then 
choosing a point will give a basepoint o for the Eilenberg-MacLane sheaf, so in this case 
we can assume that the fiber is K(Q,i) (note however that the sheaf of groups Q can 
change with choice of different connected component). 

Remark: By taking the Postnikov tower of flexible functors (not sheafifying) , we obtain 
a spectral sequence which we call the Cech spectral sequence, 

E P 2 q = vr_ p _ 9 (r(A',Ff r g c (r ? )),r ? ) 7r_ p _,(r(*, T), r,). 

Here F^ q e {rj) denotes the fiber of the non-sheafified Postnikov tower. It is a flexible functor 
whose value on X e X is K(iTi(Tx,r)x),i)- We write this as 

Fr(v) = K^(7c i (T x ,r ]x ), l ). 

Lemma 9.23 Suppose Q is a presheaf of groups on a site X and F = K pre (Q,i). Let o 
be the basepoint section of F over X. Suppose B is a sieve of X / X corresponding to a 
covering U . Then 7ij(T(B, F), o) is equal to the Cech cohomology group H % ~i{U, Q) on the 
category X (this can be nonabelian cohomology if i = 1, and is a pointed set for i = 0). 
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Proof: The description of T(B,F) in terms of the covering family U (given toward the 
end of the section on descent) immediately gives the Cech complex for the covering U as 
calculating the homotopy groups. □ 

Remark: The Cech cohomology group is the same as the right derived functor of the 
global section functor on the category of presheaves. We could have stated, in the lemma, 
that for any category X we have 

n j {T{X,F),o)=K- i T{X,Q). 

Lemma 9.24 Suppose Q is a sheaf of groups which is Cech-acyclic (for sieves and for 
global sections) in dimensions < n. Then the homotopy functor T defined by T x = 
K(Q(X),n) is a homotopy sheaf. In particular, T is an Eilenberg-MacLane homotopy 
sheaf, and we get 

K(g,n) x = K(g(X),n). 

Furthermore, we have 

T(X,K(g,n)) = K(T(X,g),n). 

Proof: Suppose X G X and B is a sieve over X given by a covering family U. We apply 
the Cech spectral sequence to calculate the homotopy groups of T(B,T\ B ). All the terms 
except one vanish, giving 

T(B,T\ B ) = K(T(B,g),n). 
The sheaf condition for g insures that T(B, g) = Q{X), so the map 

T X ^T(B,T\ B ) 

is a homotopy equivalence. The same argument works for global sections. □ 

Lemma 9.25 If 2 is an injective sheaf on a site X thenX is Cech-acyclic (for sieves and 
for global sections). Suppose {X J }j =0 ,..., n is a complex of sheaves of groups of length n on a 
site X . Suppose that it is exact except at the first place, and suppose that X J are injective 
for j < n. Then T n is Cech-acyclic (for sieves and for global sections) and acyclic for 
sheaf cohomology, in degrees < n. 
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□ 



The following result is basically K. Brown's result of |pLQ|| , translated into our "homo- 
topy coherent" situation. 



Lemma 9.26 (K. Brown [IU|) Suppose Q is a sheaf of groups on a site X and F = 
K(Q,n). Let o be the basepoint section of F over X. Then 7Cj(T(X , F),o) is zero for 
j > n and for j < n is equal to the sheaf cohomology group H™ h ~- J '(X ,Q) on the site X 
(this can be nonabelian cohomology if n = 1, and is a pointed set for n = 0). 

Proof: First we treat the case n > 2 where Q is abelian. Then Q admits a possibly 
infinite injective resolution in the category of sheaves on X . By the previous lemma, 
we can truncate this to obtain a finite resolution by sheaves which are Cech-acyclic and 
acyclic for sheaf cohomology in degrees < n. Proceed by induction on the length of this 
resolution (note that the inductive argument given next works also to start the induction). 
By taking the first stage of the resolution and splitting off an exact sequence, we obtain 
a short exact sequence 

where X is Cech-acyclic and acyclic for sheaf cohomology in degrees < n, and where T 
admits a resolution of length shorter than that of Q. By induction, we may suppose that 
the lemma is true for T . The lemma is true for X because of Lemma |9.24| (giving the 
vanishing of most of the homotopy groups) and since the same cohomology groups vanish 
because X is acyclic. We obtain a fibration 

K(g,n) -> K(X,n) -> K(K,n), 

yielding a long exact sequence of homotopy groups 

irj(T(X, K(I, n)), o) - ^(r^, K{T , n)), o) -> . . . . 

On the other hand, the exact sequence of sheaves gives the long exact sequence of sheaf 
cohomology groups 

n: ]: l iX.T)-~n. i 'ix.:F) . 
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By the inductive hypothesis and the acyclicity of X these exact sequences coincide at all 
places involving T and X (the isomorphism we are constructing inductively will be compat- 
ible with morphisms — this is shown below). Comparing, we get the desired isomorphisms 
for Q. The acyclicity of X means that the exact sequences give isomorphisms 

(and similarly for the homotopy groups) when n — j > 1. Furthermore, we have a map 

of which H® h (X, Q) is the kernel and H^ h (X, Q) the cokernel. Again, the same goes for 
the homotopy groups. Hence the isomorphisms between the homotopy groups and the 
cohomology groups are canonically determined by the isomorphisms for X and T . 

We have to check that our isomorphisms are compatible with morphisms of sheaves 
of groups Q (this was used in comparing the above exact sequences). Given a morphism 
Q — > Q' we may extend it to a morphism between injective resolutions (and hence between 
their truncations used above). We get morphisms X — > X' and T — > T' between the exact 
sequences used above. By induction, we may suppose that T — > T' induces the same 
morphisms on homotopy and cohomology groups. In order to treat the first case of the 
induction, we have to show that this is so for X — > X'. But here the homotopy groups 
and cohomology groups are both naturally equal to T(X,I) or T(X,I'), and the maps 
are both the induced map here. This gives the statement for X — > X'. 

Finally we have to treat the cases n = and n = 1. In the case n = we may suppose 
that F is equal to the sheaf of sets Q\ then the isomorphism is clear. Suppose Q is a 
sheaf of nonabelian groups and n = 1. In terms of the operation H considered in previous 
sections, we have 

K(g,i) = h-k^ c (q,i) 

since the path spaces of K pre (Q, 1) are of the form K(Q, 0) which are already sheaves (see 
Theorem |6.8|) . We may assume that X embedds into a site with a final object e and that 
Q extends to Q' (and hence F to F')\ furthermore in this case X appears as a sieve over 
e. Thus 

T{X,F)=F' e = {H-K^{g\l)) e 
= limr(£,K prc (£',l)), 
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where the limit is taken over the sieves B over e. Thus 



^■(r^, F),o) — limTr^rOS, K^ C (Q', 1)), o). 
But for sieves B u generated by coverings U (note that we may suppose B C X) we have 

MT(B u ,K^(g',i)),o) = H 1 (i(,g), 

while 

ir 1 {T{B u ,K^{Qi,l)),o) = H\U,Q). 

The direct limits (over all U) of these Cech cohomology groups are the same as the sheaf 
cohomology groups (for n = and n — 1 in the abelian case, we define sheaf cohomology 
to be the same as Cech cohomology — for want of a better definition). We get the desired 
statements. □ 

Corollary 9.27 Suppose ( e Pi(X,T), and let rj G T(X,T< i _ 1 T) be the image. Then 

n^X, T; 77),C) = H^ j (X, w, t (T, ()). 

Proof: This follows from the previous lemma because the fiber Fi(rj) with basepoint section 
( is an Eilenberg-MacLane sheaf K(Q, i) with Q = zui(T, (). □ 

Corollary 9.28 The E 2 term in the spectral sequence for the tower Pi(X,T) at a point 

(er(x,T) is 

E™ = H£(X,m q (T,0) =► n p+q (T(X,T),C) 
(in particular, it is concentrated in the second quadrant). 

□ 

Corollary 9.29 Suppose Q — > Q' is a morphism of groups (abelian for n > 2) with kernel 
Q" . Then there exists a fibration triple of homotopy sheaves 

K(g",n)^K(g,n)^K(g',n). 
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Proof: There exists a morphism K(Q, n) — > K(Q', n) by Theorem |9.7| ; and by Lemma 



this can be completed to a fibration triple. The long exact sequence of homotopy group 
sheaves implies that the fiber is K(Q",n). (Note that if the total space in the fibration 
triple is pointed, then the fiber is pointed.) □ 



Homology and cohomology 

(CHUCK THIS ?????) 

We can define the homology presheaves and sheaves of a flexible functor in the same 
way as for homotopy. Put Hf re (T)(X) := i^(TxjZ). This is a presheaf. Let Hi(T) be 
the sheaf associated to the presheaf Hf re (T). 

Suppose that T is a functor. Then the singular chain complexes form a functorial 
presheaf of complexes C.(T) on X. If Q is a sheaf of abelian groups on X, choose an 
injective resolution Q — > X in the category of sheaves over X, and put 

H\T,g)(X) := H l (Hom x/x (C.(T),T). 



Theorem 9.30 Suppose Q is a sheaf of abelian groups on X. Suppose (K(Q,n),o) is a 
pointed flexible sheaf with homotopy groups Q in degree n and trivial otherwise. Then 

7T t (Mor(T,K(g,n)),o) = H n ~\T,g). 

Proof: ??? □ 



Corollary 9.31 There is a spectral sequence 

E\ 3 = Ext'iH^S)^) n i+j+n (Mor(S,K(g,n)),o). 

Proof: By definition, cohomology is calculated by the double complex Hom(C.(S),T'). 
Taking one of the spectral sequences of this double complex, we get a spectral sequence 

Ext l {H ] {s) 1 g)^w +j {s,g), 

which gives the claimed one according to the theorem. □ 
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We consider the following condition: 
(Rat) For i > 2 and for any X e X, the homotopy groups n^S) are rational vector 
spaces. 

We call a flexible presheaf satisfying this condition, rational. 

Note that if Q is a sheaf of rational vector spaces, then K(Q, n) is rational. 

We recall the calculation of the cohomology of a rational Eilenberg-MacLane space. 



Lemma 9.32 Suppose G is a rational vector space. Then if n > 1 we have 

Hi(K(G,n)) = < 



Sym\{G) i = kn, n even 
Az(G) i — kn, n odd 
otherwise. 



Proof: It is left to the reader to find the references. □ 

Corollary 9.33 Suppose Q is a sheaf of rational vector spaces. Then if n > 1 we have 

Sym^iQ) i = kn, n even 



H t (K(g,n)) 



Az(^) * = n °dd 
otherwise. 



Proof: The homology sheaves are the sheaves associated to the presheaves given by the 
previous lemma; these are, by definition, the sheaves on the right. □ 

Combining the above results, we obtain a spectral sequence converging to the homo- 
topy groups 

7i l {Mor{K{g,n),K{g',m)),o), 
with the E 2 term consisting of groups of the form 

Ext j (Sym k z (g),g') 

or 

k 

Exti{/\{g),g>). 

z 

Below we will calculate these in the case where X is the category of schemes over a field 
of characteristic zero, with the faithfully flat finite type topology. 
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10. Stacks 



In this section, we will make somewhat more precise the statement that "a stack of 
groupoids is the same thing as a 1-truncated flexible sheaf". 

Suppose that X is a site. Recall that a fibered category over X is a category C with 
a functor a : C — > X such that for each morphism u : Xq — > X\ in X and each object 
Y G C such that a(Y) is the target X\ of u, there exists a cartesian lift of u to a morphism 
v = v(u,Y) in C — that is, a morphism v with a(t>) = it and such that any morphism w 
with a(w) = u factors uniquely as 

w = vz 

for z a morphism in C such that a(z) is the identity for the starting Xq of u. 

If we choose a lift t> (u, Y) for each pair (u, Y) then we obtain a functor u* : a _1 (X!) — > 
a _1 (X ), and a natural isomorphism of £ U}V : v*u* = {mi)* satisfying a pentagonal axiom. 
This gives a pseudo functor from to Cat (cf ^6[), and conversely given a pseudofunctor 
we obtain a fibered category with choice of liftings. 

A functor of fibered categories from a : C — > X to a' : C — > X is a functor 6 : C — > C 
such that a'b = a. A natural transformation between two such functors is a natural 
transformation £ : b — > b' such that the resulting natural endomorphism a'£ of a is trivial. 
The set of fibered categories over X is made into a strictly associative 2-category with 
this set of functors and natural transformations. 

A category fibered in groupoids over X is a fibered category a : C X such that the 
fibers are groupoids (that is, their morphisms are all isomorphisms). A stack of groupoids 
over X is a category fibered in groupoids a : C — > X which satisfies a certain descent 
condition (see [34| || [22]). We obtain strictly associative 2-categories of categories fibered 



in groupoids over X, and of stacks of groupoids over X (there are no extra conditions on 
the functors and natural transformations). 

Going from stacks to 1-truncated weak sheaves 

Suppose that a : C — > X is a category fibered in groupoids, and suppose v(u, Y) is a 
choice of cartesian lifting for each u, Y. We will associate to this the nerve N = N(C/X, v), 
a flexible functor from X to Top, as follows. Let Nx be the realization of the nerve 
of the groupoid a~ l (X). For u : Y — » X let N(u) : Nx Ny be the morphism 
induced by the functor u*. If Ui, . . . , u n is a composable sequence of morphisms, define 
N(ui, . . . , w n , £i, . . . , t n _i) as follows ... ??? 
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Note that the Nx are 1-truncated CW complexes — this is generally true of the real- 
ization of the nerve of a groupoid. Hence the nerve N is a 1-truncated flexible functor of 
CW type. 

We leave the following verification as an exercise for the reader. 

Lemma 10.1 Suppose C/X is a stack of groupoids, with choice of cartesian liftings 
v(u,Y). Then C/X satisfies the descent condition to be a stack of groupoids, if and 
only if the nerve N(C/X,v) is a weak flexible sheaf. 

□ 

Going from 1-truncated weak sheaves to stacks 

Suppose that T is a 1-truncated flexible functor of CW type over X. We will define a 
category fibered in groupoids V(T) — > X with a distinguished choice of cartesian liftings 
p(u, Y) — this is a generalization of the construction of the Poincare groupoid. 

The category V(T) has one object for each pair (X, s) where X G X and s G Tx- The 
morphisms from (X, s) to (X', s') are the pairs (/, 7) where / : X — > X' is a morphism 
in X and 7 is a homotopy class of paths in Tx from s to T(f)(s'). The composition of 
morphisms from (X, s) to (X', s') and then to (X", s") is defined by 

(f,7,)(/,7):=(/7,7") 

where 7" is the homotopy class of paths obtained by starting with 7 (from s to T(f)(s')) 
then adding T(f )('-/') (from T(f)(s') to T(f)T(f')(s")) and finally taking the path defined 
by T(f',f,t)(s") as t runs backward from 1 to (which goes from T(f)T(f')(s") to 
T(f'f)(s")). The associativity of this composition law is provided by the homotopies 
T{f"J'JMM)- 

Lemma 10.2 ThisViT) is a category fibered in groupoids over X (via the forgetful func- 
tor). The assignment p(f, (X' , s')) = (/, 1) where 1 denotes the identity path from ??? to 
??? is a cartesian section. The fibered groupoid V(T) is a stack if and only if T is a weak 
flexible sheaf. 

Proof: ??? □ 
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Comparison of these constructions 



These constructions N(C/X,v) and V(T) are clearly not inverses. However, they 
provide a sort of equivalence between the 2-category of stacks over X and the A-category 
of 1-truncated weak flexible sheaves of CW type over X. We need to describe what this 
means. 

A strictly associative 2-category is a category with an additional structure of set of nat- 
ural transformations between the morphisms (we call the morphisms functors) satisfying 
the same properties as satisfied in the case of Cat, the set of categories. 
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11. Classifying spaces 



Suppose X is a site. Fix a universe U (basically, a cardinality bound). Then there 
is a morphism of weak flexible sheaves of CW type E — > B on X with the following 
universal property: for any morphism S — > T of truncated weak flexible sheaves of CW 
type in the universe U, the space of pairs (/, <fi) where / : T — > 5 is a morphism and 
: 5/T = E x B T/T is an isomorphism over T, is weakly contractible. 

Note that E — > 5 is not in W itself (this is ruled out by Russell's paradox). 

We call B the 6i<7 classifying space. It is essentially a union of all possible classifying 
spaces. 

The defining property of E — > 5 implies that for any morphism / : T — > _B, the 
loop space JV(.B x T/T) is equivalent to the relative space of equivalences Equiv^E x B 
T/T, E x bT/T) (this should even be true with the multiplicative structure — to state this 
one would have to develop a loop space machinery for weak flexible sheaves). 

The construction of E — > B 

This section not finished... 

Classifying spaces for local systems 

Suppose £ is a type of local system (e.g. local system of abelian groups, of rings, 
of groups, or just of sets). Then there is a classifying space BC with a local system 
EC — > BC of the required type, such that for any S and local system L on S of the 
required type, the space of pairs (f,ip) where / : S — > BC and ip : L = f*(EC) is an 
isomorphism of the required type of local system over S, is weakly contractible. 

Construction not finished... 

In this case, BC is 1-truncated (since the space of relative equivalences of local systems 
of type£ is O-truncated). 

We describe ttq(BC). Let I pre (C) denote the presheaf on X which associates to each 
object Y the set of isomorphism classes of sheaves of type C on X /Y (that is local systems 
over the flexible sheaf represented by Y). Let 1(C) denote the associated sheaf. We claim 
that there is a natural isomorphism 1(C) = ttq(BC). Proof ??? 

Suppose L — > S is a local system of type C over S, and suppose that 7 e T(X, 1(C)). 
We say that L is of similarity 7 if the image of the classifying map for L/S projects to 
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7io(BC) by a map which factors through the point 7. Note that if S is O-connected then 
there will always be such a 7. 

Suppose that G is a sheaf over X of type C Then we say that a local system L/S is 
similar to G if it is of similarity equal to the point which is the image of the classifying 
map for G/* (we will denote this point by (G)). 

We have the following characterization: a local system L/S is locally similar to G if 
and only if, for every object X e X and every point s G Sx, there exists a sieve £> over X 
such that for any g : Y — > X in £>, the fiber of L|^/y over the point <7*(s) is isomorphic 
to G. 

(proof ???) 

If L and M are two local systems over S, we say that L is similar to M if the 
composition of the classifying maps S — > ttq(BC) for L and M are the same. 
If 7 G /(£) let -B 7 £ denote the fiber of the morphism 

5£ -> 7T (B£) = 1(C) 

over the point 7. If G is a sheaf over X of type £ then Autc(G) (or just AUt(G) for 
short) is a sheaf of groups over X and we have 

B {G) C = K(Aut(G),l) 

with basepoint corresponding to the classifying map of the local system G — > *. 

In particular, if L/S* is a local system which is locally similar to G then the classifying 
map is a map 

f : S —> K(Aut(G), 1). 

There is a morphism 

* = {/,^} - {/} = Map(S,K(Aut(G),l)) 

where the fiber over a particular mapping / is the space of choices of ip, that is the 
space of choices of isomorphism L/S = f*EC This is a principal homogeneous space for 
Map(S, Aut(G)) which is the space of automorphisms of f*EC. This morphism is just 
the path space fibration where the point is that corresponding to the classifying map / 
for L. 

(Several unfinished sections from 1993 and 1995 supressed) 
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